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1 Functions

1. Sets and numbers.

o We write R for the set of all real numbers. Unless specified otherwise, the word ‘number”
will always mean a real number.

A set is specified by listing its elements or giving an expression inside curly brackets {}.

The symbol € is read as “belongs to.” For example, z € R means “zx is a real number.”

When describing sets, the symbol | is read as “such that.” For instance, {x € R | x > 7}
denotes the set of all real numbers = such that x is greater than or equal to .

e The notation M means “end of solution.”

2. Intervals. For a,b € R with a < b, we define:

(a,b)={zeR|a<z<b}, [a,b]={zeR]|a<xz <0},
[a,b) ={z €eR|a<z<b}, (a,b]={reR|a<xz<b},
(a,00) ={z eR|z>a}, [a,00)={reR|z>a},

(—o0,a) ={zeR|z<a}, (—oo,a={rxeR|z<a}.

3. Functions. A function (for us) is a rule f assigning each input = € R exactly one output
y € R. We denote this by f: R — R.

4. Ways to represent functions.

1. Equation: We write y = f(z) to mean x is the input, also called the independent variable,
and y is the output, also called the dependent variable. We also say that “y is a function of

‘/L,.”

Example. Let f: R — R be the function with equation y = f(z) =1 — \/z.
Then f(1) =0, f(121) = —10,

Two well-known types of functions that we can tell by their equations:

Polynomials: f(z) = an,2" + ap_12"" ' + --- + a1z + ag, where a,,...,a90 € R are the
coefficients with a,, # 0, and n > 0 is an integer called the degree of f.

Example. f(z) = x'7—2* 4223 — 32244 is a polynomial of degree 17, but f(z) = 1—+/1 — \/z
is not a polynomial.

Rational functions. f(z) = pE:U;, where p, ¢ are polynomials (and ¢ # 0).
q(x
4

T —x° . . ) . x 1—2
5 i s a rational function, and so is f(z) = - after
-z

E le. =
xample. f(x) T2 .

simplification.

2. Graph: The set of all points (z,y) in the plane that satisfy y = f(x).

Here are some familiar equations with their graphs (see the above figure). Some indicate y as
a function of z, and some do not.

e y = x (the identity function),



y = 2% (the square function),

y = 2 (the cube function),

y = /x (the square root function),

1
y = — (the reciprocal function),
x

y = |z| (the absolute value function; recall |x| =z if z > 0 and |z| = —z if x < 0),

x = |y| (here y is not a function of x, since x = 1 allows both y =1 and y = —1),

x = y? (here y is not a function of x, for the same reason).
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5. Vertical line test: The graph of an equation in two variables x, y represents y as a function
of z if and only if every vertical line intersects it in at most one point. (See the above figure,
where x = |y| and z = y? fail this test.)

6. Domain: The domain of a function f is the set of all valid inputs x € R for f, denoted Dy.
So: Dy ={z € R| f(x) € R is “defined”}.

To find the domain, we exclude “problematic” values of . The problem usually comes from:

e division by zero;
e square roots (or even roots, in general) of numbers < 0;

e logarithms of numbers < 0.

Example. Let’s find the domain of:

o f(z)=+vV1—-+V2—1x.
Solution. Weneed 2 —z >0 — x < 2.
Also,weneed 1 =2 —2>0 = V2—2<1 = 2> 1.
So Df: [1,2]. |

2

o f(z)= 1_:z2—33'

Solution. We need 22 —x #0 = x #0, 1.

Also, we need

2 2P—z-2 (z4+1)(z-2)
1_x2—:c_ z(z—1)  z(x-—1) 2 0.




A sign chart gives Dy = (—o0, —=1]U (0,1) U [2,00). B

Exercise. Find the domain of:

r—1

‘f(x):\/v—w?f'
o fa)=—r

9 _ [22 -1
T+95
. Range. The range of a function f is the set of all possible outputs y € R of f, denoted Ry.
So: Ry ={y e R|y = f(x) for some z € R}.
Example. Let’s find the range of f(x) = |1 — |1 — z||.

Solution. Note that |1 — x| € [0,00), so 1 — |1 — x| € (—o0,1]. In particular, 1 — |1 — z| can
take all values in (—oo,1]. Therefore f(z) = |1 — |1 —z|| € [0,00), so Ry = [0,00). B

Note. With domain and range specified, we can refine our notation. Instead of the generic
f R = R, we may write f : Dy — R; to emphasize that f has domain Dy and range Ry.
(Though we will rarely do that!)



2 Composition and inverse functions

1. Composition. For f,g: R — R:

(fog)(x) = flg(x), (gof)(x)=g(f(z))

So the order matters!

(fof)(x) = f(f(x), (fogeh)(z)= f(g(h(x))).

Example. Let f(x) = (1 — z)? and g(z) = 14%3:
e Find (fog)(2).
Solution. (fog)(2) = f(9(2)) = f(1/3)=4/9. &
e Find (go fo f)(1+2).
Solution. (g f o f)(1+3) = g(f(F(1 +vE)) = g(f(2)) = g(1) = 1/2.

Exercise. Let f(x) = (1 —2)?°%. Find (fo fo---o f)(1).
2025

2. Domain/Range of Compositions. To find Dyg:

1. Find the expression of f o g, then find the domain of that expression.
2. Find Dy (i.e., domain of the inner function).

3. Exclude “problematic” inputs of g from the domain found in Step 1.

To find Ry.4: first find the expression of f o g, then find Dyo,, and then analyze.

Example. Let f(z) = /-7 and g(z) = —15. Find the expression and the domain of f o g.
Solution.

(fog)(x) =1/5=2

Domain from expression (using a sign chart): [2,3). But Dy, = R — {2}, so remove z = 2,
which is problematic for g:
Dgog=1(2,3). N

Example. f(z) =+/2 — /3 — 1z, g(x) = 1 — 2. Find the expression and the range of (g o f).
Solution.

(gof)x)=1—-(\2—V3—2)=vV3—z—1.

Domain from expression: (—o0,3]. Also, we have Dy = [—1, 3], so remove (—oo,—1), which
is problematic for f:

Dyor = [—-1,3].
For the range: since Dy = [—1,3], we have —1 <2z < 3,andso —1 < /3 —x—1<1. Thus:

Ry =1[-1,1. N



3. Inverse Function. The inverse of f, denoted f~!, is the function that operates in the reverse
direction of f:

y=fx) <= z=f"y).
To find f~':

1. Solve the equation y = f(z) for x as the unknown.
2. Swap z and y.
Example. Let f(x) =1— ﬁf
T 55—z
e Find f~!(x).

Solution.
1 2 1—2
y g — 1 = .
3— 11-3z
Solve y = ﬁ:gx for . So we have x = 131yy:11. Now, swap = and y:
11z —1
-1 -

e Compute (f~1o f=H(-1).
Solution. (f~'o f~1)(=1)= f~1(f 1 (-1)=f1(3) =4 N
4. Horizontal Line Test. A function f has an inverse <= every horizontal line hits the
graph of f at most once.
Example. The function f(z) = 2 fails (since f(2) = f(—2) = 4).

One way to fix this is to restrict the domain of f. For example, if we set Dy = [0, 00), then

[~ (z) = /z exists.
? A ( A (

y=x y:l’2 y:ﬁ
x>0

5. Properties of Inverse. If f has an inverse f~!, then:

o (fof @)= (f"of)(z)=u2
e The graph of f~! is the reflection of the graph of f across the line y = z.
® fol = Rf and Rf—l = Df

Example. Let f(z) = iﬁi Find the expression, the domain, and the range of f~1.

Solution.

3 _ y—1 -1 _ 3/z—1

P
y=1mm = y(l+a’)=1-z

Problem for f at + = —1. Thus Dy = R — {~1}, and therefore D;-1 = Ry = R — {~1}.
Likewise, R;-1 = Dy =R - {-1}. W



3 Transformations, even and odd functions

1. Transformations. We can transform the graph of a function y = f(z) to obtain graphs of
related functions.

Shifts: For a € R, a # 0:

1. Horizontal: y = f(x — a).
- If @ > 0, this is a shift by a units to the right.
- If a < 0, shift by |a| units to the left.
2. Vertical: y = f(z) + a.
- If @ > 0, shift up by a units.
- If a < 0, shift down by |a| units.
» Note that y = f(x) + a is the same as y — a = f(x), which conceptually matches
the horizontal case.

3 4
Example. Find the graph of f(x) = x—:—l
x
1
Solution. We have f(z) = ?’fjfl = = ( i+ 3 So start with y = —, and:

*

_1 _
y=z (-1 _z(l)+3

|
Stretch, Compression, and Reflection. For some k € R, k # 0:

1. Horizontal: y = f(kz).
- If |k| > 1, then a horizontal compression, and a reflection about the y-axis if k& < 0.
- If |k| < 1, then a horizontal stretch, and a reflection about the y-axis if & < 0.
2. Vertical: y = kf(z).
- If |k| > 1, then a vertical stretch, and a reflection about the z-axis if £ < 0.
- If |k| < 1, then a vertical compression, and a reflection about the z-axis if k£ < 0.

» Note that y = kf(z) is the same as % = f(z), which conceptually matches the

horizontal case.
We can also combine the transformations. Here is the right order to apply them:

1. Horizontal shift.
2. Horizontal stretch/compression/reflection.
3. Vertical stretch/compression /reflection.

4. Vertical shift.

Example. Find the graph of f(z) =1— |1 — 2z|.



Solution. We have f(x) = —| — 22 — (—1)| + 1. Start with the graph of y = |z|, and:

\J
v
\J

v

y=—-I-20-(-1) y=—l-20— (-l +1

20— 1
Exercise. Find the graph of f(z) = 1x e
— 3z

. Even and odd functions. A function f is said to be
- even if f(—z) = f(z) for all x € Dy,
- odd if f(—x) = —f(x) for all x € Dy.
Example.
e f(x) =1— 22 is even because f(—z) =1— (—-2)? =1 — 22 = f(x).
o f(zr) = —</x is odd because f(—z) = —/—z = Jr = —f(x).
2
o f(z)= ] Y s neither odd nor even, because f(2) = —2 but f(-2) = —3
-z

Graphs of even and odd functions have special symmetries:

- If f is even, its graph is symmetric across the y-axis.

- If f is odd, its graph is symmetric across both axes; and so it is symmetric across the origin.

A
Even Odd
y=1-—2? y=—vz



3. Even—odd decomposition. For every function f, the even part of f is defined as

ooy = LI,
and the odd part of f is defined as
ooy = @S

Properties of the even and the odd part:

o f. is even.

fl=x) + f(x) _ fz)+ f(=2)

Proof: f.(—x) = 5 = 2 = fe(z). A
e f,is odd.
Proof: f,(—x) = f(_x); fz) _ _[@) _Qf(_x) = —fo(x). A

o f(x) = fe(x)+ fo(x) for all x € Dy.
Proof: Trivial. B

So every function is the sum of an even function, namely the even part f., and an odd function,
namely the odd part f,.

Example. Find the even and the odd part of f(x) = 1 T
-z

Solution. o)+ F) )

z)+ f(—x 1 T x x
fE(x) = 5 =3 - = 2
2 2\1—-2 1+=x 1—=
_fl@)—f(-x) 1[ = T \__ =T
fol) = 2 2 1—:1c+1+x 1= 22 .

Example. Prove that if f is an odd function, then g(z) =z — f(z) is also odd.
Solution. g(—z) = —x — f(—z) = -2+ f(z) = —(x — f(z)) = —g(z). W
Example. Prove that if f and g are odd, then f o g is also odd.

Solution. (f o g)(~z) = f(9(—=)) = f(—g(x)) = —f(g9(x)) = —(fog)(zx). W

Example. Show that the only function that is both even and odd is f(x) = 0 for all x.
Solution. If f is both even and odd, then for all z € D; we have

f(=x) = f(z) and f(-z)=—f(x).
Hence f(z) = —f(z), so 2f(x) = 0 and therefore f(x) =0 for all x in its domain. H
Exercise. Let f be odd and let h(z) =z — f(z + f(z — f(2))). Is h odd, even, or neither?

Exercise. Prove that the even and the odd part of every function is unique. That is, for every
function f, if f = g1 + h1 = g2 + ho such that g;, go are even and hq, hy are odd, then g; = go
and h1 = hg.



4 Absolute value, piecewise and heaviside functions

T x>0

1. Absolute Value. Basic example of a piecewise-defined function: |z| = { 0
—x x<0.

A function f is piecewise-defined if we partition the real line into intervals, and then give
each interval its own expression of f.

Example. Write f(z) = |2 — 22| in piecewise form, and sketch the graph.

Solution. The sign of 2 — 2% changes at x = /2. So by a sign chart:

2—2? —V2<z<V2,
22—-2 z<—2o0rz>V2 -2 | V2

fw) = 2—2? = {

2. Properties of absolute value.

1. We have |z| = | — z| for all x € R. In particular f(z) = |z| is even.

2. Works “as expected” with multiplication and division:

z| _ |zl

=7 Y 7é 0.

yl oyl

3. Does not work “as expected” with addition: |2+ (=3)| =1#5= 2]+ |— 3| =5.
But we have the triangle inequality: |z + y| < |z| + |y|, for all z,y € R.

lzy| = [x]|yl,

Exercise. Prove that |z| — |y| < |z — y|.
4. Recall that by /- we always mean the positive root. So vVa? = |z|.

5. For z,a € R, |z — a| is the distance between the two points x and a on the real line. So
|t —a|<d <= a—-d<z<a+i.
lz—al| > <= xz<a—-3§ or z>a+.

This distance interpretation is often useful, especially when solving inequalities.

Example. Solve |3z + 1] < 5.
Solution. |3z — (—=1)] = (-1)-5<3z<(-1)+5 = —6<3zx<4 = zc[-2,4. H

3
Example. Solve 0 <3
xample. v
b Tx—4|

Solution. ‘7 1 <3 = |Te—4>2 = Tx<4—-2o0rTx >4+2 = Tz <2or Tz >

x_
6= 2€(—00,2]U[S,00). W

-2

Example. Solve x > 2.

Solution. This means |3/2 —z| > |z — 1|. So z is closer to 1 than to 3/2. Hence z € (—o0, 2).
We also need to take out & = 1 because it is the root of the denominator. So the answer is

z € (—o0,1)U(L,32).



3. Heaviside (Step) Function. It is a piecewise-defined function with the following expression
(in particular, undefined at x = 0).

h(x):{o z <0,

1 x>0,

More generally, for a € R,

0 z<a,
h(w_a):{1 i>z

is like a “switch” that is off for x < @ and on for z > a.
A A

h(x) h(z —1)

[, .
> >

1 —
Example. Write f(z) =1 — 22 h(l—kx) in piecewise form, and sketch its graph.
T

1
Solution. Note that h<1 x x > 0.

1+=x

>:0When1 v <0andh<1_x> = 1 when

+z +x 14z

Also, by a sign chart, we have

1—22 —l1l<z<l1

1—
:c<0 <— rx<—-lorx>1
1+=x
1—=x
>0 <— —-1<z<l
1+=x
1 < -1 > 1
So, f(a:):{ B R

Key observation. We can:
-write every piecewise-defined function in terms of Heavisides of the form h(x — a);

-write expressions involving Heavisides of the form h(x — a) as a piecewise-defined function.

Algorithm.
1. Find the transition points (roots inside h) and line them up in order.
2. The “leftmost function” (valid down to —oo) has no Heaviside next to it.
3. Moving rightward: at each transition point a:
— subtracting f(z)h(x — a) turns off a function f(x) for z > a.
— adding f(z)h(z — a) turns on a function f(z) for z > a.

10



Example. Write the function with the following graph as a Heaviside sum.

A

y=(x+1)

\ / ! y=(zr—1)°

-2

RN
-1

Solution. The transition points are —2,0,1. We have

fl@y= 3
~—~
Left most
—Lh(z+2)+ (z + 1)%h(z + 2)

At =2, turn off = and turn on (2+1)2

(2 +1)%h() — Vah(z)
At =0, turn off (z+1)2 and turn on —/z
+Vrh(z —1) + (. — 1)3h(z —1). W

At =1, turn off —y/z and turn on (z—1)3

Example. Write the following piecewise-defined function as a Heaviside sum.

1 T < —1
—r —-l<x<l,
fl@)=19 , 3
X 1<$<§,
-2 x> 3,

Solution. We have f(z) = 14 (=1 —2)h(z+1) + (z + 2*)h(z — 1) + (—2® — 2®)h(z — 3).
Example. Write this Heaviside sum as a piecewise-defined function and sketch its graph.
f(x) =3 —x+ (x —2)h(z) — Voh(z — 1) + (Vz — 1+ Vo — Dh(z — 2)
Solution. The transition points are 0, 1,2. We have
A
= 3\ 3

3_1' x<0 Va—1
| 0<z <1, d
f(z) =
—Vr+1l 1l<z<2, 1 2
Vr—1 x>2, S~ -
y=—vr+l

11



5 Trigonometry review

1. Angles. We measure angles in radians. Important to know:

- In a circle of radius 7, the angle in front of an arc of length a is ¢ radians. A full circle

(360°) is 27 radians. Conversion rules:

180
radians = —— degrees, degrees = — radians.
180 T

- We allow all real numbers to be angles, using the zy-plane. Start from the positive x-axis;
positive angles are measured counterclockwise, negative angles clockwise.

A

a
120° = 22
>
\ ”:7%

2. Trigonometric functions. In a right triangle:

- Main functions: sin(f) = %, cos(f) = ¥, tan(d) =

- Reciprocals: csc(f) = Sinl(g) =3, sec(f) = 0051(9) -

For a general angle 6,
1. Find the point on the unit circle corresponding to 6.

2. The y-coordinate is sin(#), the z-coordinate is cos(f).

A

sin(6)

cos(6)

\%
v

3. Basic identities. (You should memorize these.)

_ sin(0) ~ cos(0)
tan(f) = cos(6)’ cot(6) = sin(6)
sin?() + cos?(0) = 1,

1
1+ tan®(0) = cos2(8) sec?(),
1+ cot?() = sin;(H) = csc?(6)



4. Values to memorize.

For 0 € {0, n/6, w/4, /3, w/2} (meaning (cos(5),sin(5)) = (0.1)
0°,30°,45°,60°,90°) memorize all six trigonomet-
ric functions. These are all in the first quadrant.
Also, memorize trigonometric values of m/2 + 6
(2nd quadrant), = + 6 (3rd quadrant), 37/2 + 6
(4th quadrant).

Or, you can use the following algorithm. This in
fact works for any 6 (just pretend at the start that
6 is in quadrant 1).

' (cos(0),sin(0)) = (1,0)

1. Figure out which quadrant you are in.
2. Note the sign of = (cos) and y (sin) in that quadrant.

3. In quadrants 2 and 4, sin and cos swap. In quadrants 1 and 3, they remain the same.

Example. COS(%TW) = cos(g + 7). This is in quadrant 2: cos is negative and sin, cos should be
swapped. So cos(‘%) = —sin(}) = _72_ ]

Example. tan(%r) = tan(m + §). This is in quadrant 3: both sin, cos are negative, so tan is

positive. Also, no swap needed. So tan(%”) = tan(g) = % = @ [ |

Exercise. Using the above rules, find formulas for trigonometric functions of 5 +6, 7+ 6, and
37“ + 0 for any 6.
5. Other important identities. (You should memorize these too!)

- Sums and differences:
sin(a + ) = sinacos B =+ cos asin 3,

cos(a £ ) = cos accos B F sin asin .
- Double angles:
sin(260) = 2sin(0) cos(6)
cos(26) = cos?(f) — sin?(0) = 2cos?() — 1 = 1 — 2sin?(6).

tan o &+ tan 8
1 Ftanatanf '

. _ sin(a£pB) __ sinacos Bdcosasin 8
Solution. We have tan(a £ ) = cos(aLB) = cosacos Frsimasmi

Example. Prove that tan(a £+ ) =

Divide numerator and denominator by cos « cos 3:

sin o sin 8

tan(at ) = esa s _ tanatanf
1T zg;t;zg;g 1 Ftana tan 8
2 tan(6
Example. Show that tan(260) = 1_8:81;2)9~

Solution. Use the above example with a=8=60. N

13



Example. Show that cos(36) = 4 cos3(8) — 3 cos(0).
Solution. Using the sum identity, we have cos(36) = cos(26+60) = cos(26) cos(#)—sin(26) sin(6).
So by the double angle identities, we have

cos(36) = (cos?(#) — sin?(#)) cos() — (2sin(8) cos(#)) sin() = cos®(#) — 3sin?() cos(h).
So: cos(30) = cos®(0) — 3(1 — cos?(0)) cos(f) = 4cos?() — 3cos(h). M
Example.

¢,  sin(0)
(a) Show that tan(i) =TT cos(@)’

Solution. Using double angle identities, we have:

sin(0) 2sin(2) cos(%) B 2sin(2) cos(2) B
14cos(d) 1+ (2 C§s2(g) 2_ N 2Cc2>52(g) 22 =tan(§). W

(b) Find all 6 € [0, 27 such that cot 6 = tan(%).
Solution. Using part (a), for angles where both sides are defined we have

cos(6) sin(6)

sin(0) =17 cos(8) = cos(f) + COSQ(Q) = sin2(9) =1- 0052(9).

cot 0 = tan() =

And so
cos(#) +cos?(0) = 1 —cos?(f) = 2cos?(f)+cos(f)—1 =0 = (2cos(f) —1)(cos(d)+1) = 0.
Thus cos(f) = 3 or cos(§) = —1. On [0, 2] this gives

51

1 Toom,
3’37

cos(f) =5 = 0= cos(f) =—-1 = O =m.

We must enforce the domain: cot(f) is undefined when sin(f) = 0 and tan(%) is undefined

when 6 is an odd multiple of w. Hence § = 7 is excluded. Therefore § = L and § = 3 are

3 3
the solutions. W

Exercise. Find cot(a + ) and cot(26) only in terms of cot.

Exercise. Prove that cos(a) + cos(8) = 2COS<QT+ﬁ> cos(#).

Exercise. Let av+ 5+~ = m. Show that tan(«) + tan(f) + tan(y) = tan(«) tan(8) tan(y).
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6 Inverse of trigonometric functions and generalized sine functions

1. Graphs of trigonometric functions. Here they are:

y = sin(x) L y = cos(x)

1

/\ \ . . /\ ) ) /
-7 U 2 2 : 2 2 >
\377/ ] - B ’ W T

(SE

|
[SV]
)
w

3

|

S
=)
(ME]

4

A
_ 37 us / s / 37
2 2 2 2 -
0 ™ 21

Properties:

e y = sin(x): domain R, range [—1, 1], periodic with period 27, because sin(z + 27) = sin(x).
e y = cos(x): domain R, range [—1, 1], periodic with period 27, because cos(z + 27) = cos(x).
e Graphs of y = sin(x) and y = cos(z) are horizontal shifts of each other by 7/2 because:

sin(z) = cos(m - g) , cos(x) = sin(aj + g) .

e y = tan(z): domain R — {4 integgr fimes T range R, periodic with period .

. Inverses. The functions y = sin(f), y = cos(#), y = tan(f) are not invertible on all of R
since they fail the horizontal line test.

But, we restrict their domains to obtain invertible functions:

e sin(f) restricted to 0 € [-7, §] gives:

sin™! : [-1,1] — [~ 3, Z]. (also written arcsin)
e cos(f) restricted to 6 € [0, 7] gives

cost: [~1,1] — [0, 7]. (also written arccos)

e tan(f) restricted to 6 € (=73, §) gives

tan™' : R — (=%, Z). (also written arctan)

15



A

y = sin(z) y =sin~(x)

ol

|
N
o
SIE]
\)

[NE]

A

x y=cos (z)
y = cos(x) 4 \
1 \
3

v

, A
y = tan(x
Y @) » y=tan"1(x)

[N]

[NIE]
I3

v

SIE]

1 sec™!, cot™! are also defined accordingly.

)

Example. Compute csc™!(—v/2
Solution. Let 6 = csc™!(—+/2)

The functions csc™
_ : _ 1 _ —\/5 _
. Then csc(f) = —v/2 = sin(d) = 5= 3 0=

sin_l(_T‘/Q). Since 6 € [T, 7], it follows that 6 is in the fourth quadrant, and so § = —7. W
Example. Compute cot(cos™'(1/100)).
Solution. Let 6 = cos_l(l(l)—o). Then cos(f) = 155 with 6 € [0,7]. So tan®(9) = m —-1=

9999. Since cos(f) > 0 and 6 € [0, 7], it follows that 6 € [0, 5], and so tan(¢) > 0. Thus,
tan(f) = /9999 = cot(f) = ——~—. W

© V9999
Example. Compute cot(2sin~'(3)).
Solution. Let 6 = sin™*(1). Then sin(¢) = £, with 6 € [-F, 5]. So cos?(¢) = 1 —sin?(f) = 3.
Since sin(f) > 0 and 6 € [~7, 5], we have 6 € [0, 5], and so cos(#) > 0. Thus cos(f) = %

16



Now, by the double angle identities, we have:

sin(26) = 2sin(f) cos(0) = 4\9/5; cos(26) = cos?(0) — sin?(0) = g

Therefore, cot(26) = g?jgg)) = 4\7//59/9 = ﬁ = 77\/5' u

1 1
Exercise. Compute cot <tan_l (3) + tan™! (7>) .

. Generalized sine functions. A function of the form

f(z) = Asin(wx + ¢),
where A, w, ¢ are constants. We call w the angular frequency (motivated by physics stuff).
Although it may not appear so at first, every function of the form f(z) = Bsin(wz)+C cos(wz)
is a generalized sine function. Indeed, we can write
Bsin(wz) + C cos(wz) = Asin(wz + ¢) = A cos(y) sin(wz) + Asin(p) cos(wz)
and so B = Acos(yp) and C' = Asin(p). We deduce that
B% 4+ C? = A*(cos®(p) +sin®(p)) = A2 = A = /B2 + C2.
Note that we choose A > 0 by convention. Also, we get:

B . C
cos(p) = . sin(p) = 7.

You are free to choose any ¢ that satisfies the above two equations. Just make sure that ¢ is
chosen in the correct quadrant according to the signs of both B and C.

Example. Find all x such that v/3 cos(11x) — sin(11z) = 1.

Solution. First, we write v/3 cos(11z) — sin(11z) in the form Asin(wx + ¢). We have B = —1
and C =+/3. So A=+VB2+C%2=/(-1)24+ (V/3)2=y1+3=2.

Also, cos(p) = % = _71 and sin(p) = 5 = @ Thus, ¢ is in quadrant 2, and for example we
may choose ¢ = 2X. Therefore v/3 cos(11z) — sin(11z) = 2sin(11z + ZF).

Now, we want to find all z such that 2sin(11z + 2%) = 1. So sin(11x + 2%) = 1 and hence

e

11x+%’r:2k7r—|—% or 11:13—1—%”:2]%—1—%” for k € Z.

Thus
1z = =5 +2kn or 1lx = § + 2k,
SO
a::—Q’E—FZf—I7r or xz&—i—%’“—f, kez. 1

Exercise. Sketch the graph of f(z) = sin(*57%) — cos(*57™).

17



7 Exponential, logarithmic, and hyperbolic trigonometric functions

1. Exponential and logarithmic functions. For a > 0 and a # 1, the exponential function
with base a is f(x) = a”. It has domain R and its range is (0, 00).

The logarithmic function in base a is the inverse of the exponential with base a:

y=log,(z) <<= da’'=u.

Its domain is (0, 00) and its range is R.

1
For example, logs(125) = 3 because 5% = 125 and logy; (1) = —3 because 2773 = - = 1.
The graphs look different for ¢ > 1 and for 0 < a < 1.

/ ‘ \1\‘ / 1

T N

y—a® a>1 y=a* 0<a<l y = log

Sa

(x), a>1 y=log,(z) 0 <a<1

Laws of exponents and logarithms (you need to memorize these):

1. Exponential and logarithm are inverses: a!°8s() = p.

2. abtc = ab -a®, and log, (bc) = log, (b) + log,(c).
3. ab=¢ = % and log, (%) = log,(b) — log,(c). In particular, a=¢ = L and log, (%) = —1.
4. (a®)¢ = ab, and clog,(b) = log, (b°).

There is a special base, the Euler constant: e ~ 2.718.... This is an irrational number that
appears in many applications. It can be characterized in several equivalent ways. For instance:

- e is the unique base a such that the slope of the graph of y = a® at z = 1 is exactly 1 (more
on this when we get to derivatives).

-e=lim, o (1 + %)n
~e=gthtagtgto
In this base, the logarithm has a special name and symbol: log,(z) = In(z).

Example. Solve the following equations.

(a) logy(3z +1) = 3.

Solution. 3z +1=43=64 = 32=63 = z=21. A

(b) logg 5(x — 1) — logg 5(1/x) = 2.

Solution. Combine the logs: logG\[( /x) logg, 5(2? —x) = 2. So 2? —x = (6v2)* = 72.

Hence 22 — 2 — 72 =0, and (z — 9)(x +8) =0. Sox = 9 and z = —8. But z = —8 is not
acceptable because log has domain (0, 00). Thus, = 9 is the only solution. B

18



() logo(5+a=2%) — 9,

Solution. Let t = logg(5 + x — 222). Then

9t =5+ — 222 = 3t = (91/2) = 9%/2 = (9)1/2 = /5 + 2 — 222,

Hence Vi +2—212=2 = 5+2—222=4 = 22° —2-1=0= 2z +1)(z —1) =0; so
r=1lorzxz= —%. Both values are acceptable for the domain of log. B
(d) In(1 —In(1 4+ In(x))) = 1.

Solution. Exponentiate both sides: 1—In(1+In(z)) = e. So In(1+In(z)) = 1—e. Exponentiate
again: 1+ In(z) = e'~ SoIn(z) = e'"¢ — 1. Hence z = 1. M

. Hyperbolic trigonometric functions.

The hyperbolic cosine and sine are defined as the even and the odd parts of e*. The hyperbolic
tangent is also defined as expected:

T - T _ ,—T inh R
ete’ sinh(z) = &% tanh(z) = 22 (z) e —e*
2 2 cosh(z) e*+e

cosh(z) =

Other hyperbolic trigonometric functions are defined accordingly:

1 2 1 2 cosh(z) e*"+e™™®

csch(z) sinh(z) e*—e?’ sech(z) cosh(z) e*+e 7’ coth(z)

A

N |

L L L

y = sinh(z) y = cosh(z) _J y = tanh(z)

-1

A A A
y = csch(x) y = sech(z) 1 y = cot h(z)
\ 1

These are called “trigonometric” because they satisfy identities very similar to the ordinary
trigonometric functions.

Example. Show that cosh?(x) — sinh?(z) = 1.
Solution. Note that cosh?(x) — sinh?(x) = (cosh(z) + sinh(z))(cosh(z) — sinh(x)). Also,

eT+e T+ef—e* eT+e T —ef e ®

cosh(x)+sinh(z) = =¢"; cosh(z)—sinh(z) = =e "

2 2

So cosh2(m) — sinh2(a:) —efe T =e0=1 1
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Example. Show that sinh(2z) = 2sinh(z) cosh(z).

Solution. We have sinh(2z) = 6217267%, and

—e ef4e ™ (eF-eT)(e"+eTE) e —e

2sinh h(z) =2- . = —
sinh(z) cosh(z) 5 5 5 5

Exercise. Let f(x) = tanh(x). Find the expression, domain, and range of f~!.

tanh(z)+tanh(y)

Exercise. Show that tanh(z +y) = Trtanh(z) tanh (1)
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8 Limits

1. Definition. For a function f and a number a € R, if there is a finite number L such that
f(x) gets closer and closer to L as x approaches a (but never becomes a), then we say that
“the limit of f as = approaches a is L, and denote it by: lim,_,, f(x) = L. For example,
lim, . 5 2 = 2.

More precisely, in order for lim,_,, f(z) to exist, the following should hold:
- f(x) should approach “something” as x — a (i.e., it shouldn’t oscillate).
- f(x) should not blow up to +oo.

- f(x) must approach the same number L as = approaches a both from left and right:

lim f(z)= lim f(z)=L.

T—a~ z—at

Otherwise, we say that the limit does not exist (DNE).
Note. There is no need for f(a) to be equal to L, or even be defined.

Example. Which of the following limits exist? Why?

(a) lim,_,q cos (%)

Solution. DNE, values oscillate constantly between —1 and 1. B

(b) limg_o L.

Solution. DNE, tends to +co. B

(c) limy_02 — m‘%‘

Solution. DNE. Note that for > 0, we have 2 — x}%} =2—x- % =1, and for = < 0, we have
2—z|l|=2-2-(-1)=3. Thus, lim, o+ 2 —2|i| =1#3=lim, - 2—z|1|. W

(d) limy—o(z — |x|)h(x).

Solution. Note that for x > 0, we have (x — |z|)h(z) = (x — x)h(z) = 0. For z < O:
(x = |z|)h(z) = (x — (—x))h(z) =22 -0 = 0. So (z — |z|)h(x) = 0 for all z, except for z =0
which is not in the domain of the Heaviside function. But that’s not a problem, and so the
limit exists and is 0. W

2. Basic rules. Let ¢ € R and let f, g be functions such that for some a € R, both lim,_,, f(x)
and lim,_,, g(x) exist. Then:
1. limy 4 c- f(x) = climg_,q f(2)
2. limg o (f(7) £ g(x)) = limy 4 f(x) £ limgq g(z)
8. Ty (£(@)9(2)) = (1 pa £(2))(limg a0 9(2))

4. limy_sq % %, provided that lim,_,, g(z) # 0.

Example. Let’s find the following limits.

2
: —z4+6 _ 9-346 _ 12 _
(a)hmxﬁgr\/rxﬂ— 7 =5=401

11 — 27 11 - QTF
b) li T 6 _ 11-12 _ 1. .
(b lim, x o e 2.1 I
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3. Indeterminate forms. While evaluating lim,_,, f(x), plugging * = a directly may yield

“values” such as

0 o0

0 o 0-00, 00— o00.
These are indeterminate, and to get rid of them, we need to be more creative with algebraic
tricks.

Example. Find the following limits.
(a) limg_,_; x‘lzﬁiffq.

Solution. Plugging gives %. But

rt 4622 -7 (22 =12 +7) . (=) (A (22 +7)

lim ——— = lim = lim =-16. W
z——1 r+1 r——1 x+1 rz——1 r+T
. 1—cot
(b) hmz—>7r/4 coz(()QS);)'
Solution. Plugging gives %. But, we can use cot(z) = Zfs((i)) and the double angle identity

cos(2z) = cos?(z) — sin?(x) = (cos(z) — sin(z))(cos(x) + sin(x)) to get:

1 — cot(x) . sin(z) — cos(z) ) sin s(z
_ 7 = m ——— = lim
z—m/4  coS(27) e—n/4 sin(x)cos(2x)  w—n/4 sin(x)(cos in(z))(cos(x) + sin(x))
—1
FOE+P)

Vita—V1+a?

3 —1 ’
Solution. Plugging gives %. But, we can multiply top and bottom by /1 + z++/1 + 22 (which
is the conjugate of the numerator), and factor the denominator as (23 —1) = (z—1)(z%+x+1),
to get:

(c) limy—yp

 V1+z—vV1+a? z(1— )
lim 3 = lim
z—1 2 —1 =1 (z—1)(22 + 2+ 1) (VI + 2+ V1 +22)

—z(z—1) 1 n

el @2+ o+ (VI e +VI+a?)  6V2

.2
) sin®(x)
d) 1 —_—
(d) Timg—o 1 —cos(3)
Solution. Plugging gives 8. But we can multiply top and bottom by 1+ cos(§) (which is the

conjugate of the denominator); we get:

o osin?(x) o sin®(2)(14cos(3)) 4 sin®Tcos’(§)(1 4 cos(§))
lim ———~%— = lim = lim — =8 N
=01 —cos(§) =-0 1—cos?(3) a0 sin*Ey
) 1 —2z] -2z —1]+1
(e) hmm_)% 27 1 .
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Solution. For functions involving absolute values, it is often the safest to find the left and
right limits separately.

Let f(z) = %. For z < 1, we have [1 — 22| = 1 — 2z, [z — 1| = 1 — z, and
so f(x) = (1722;22(7117@“ = 41971 = 0. In other words, f(z) = 0 for all z < %, and so
lim - f(x)=0.
$~>§
For z > %, we have |1 —2z| =2z —1, [t — 1| = 1 —z, and so f(z) = (2z_121;22(_11_$)+1 = 222
Now, plugging = = % gives %. But
dxr — 2 2
lim f(z)= lim 433271: lim sz/jryl =1
. R L[ R )

Hence, lim
* 2

1- f(z) #lim 1+ f(z), and lim N f(z) does not exist. W
L s T3

3

g2(x) near x = a, and lim,_4 g1(x) =

~
—~
8
~—~"
IN

. Limit squeeze theorem. If g;(z) <
lim,_,q g2(z) = L, then lim,_,, f(x) = L.
Example. Find the following limits.

(a) limg_,0 || sin (x%)

Solution. Since —1 < sin (;12) <1, we get —|z| < |z|sin (%) < |z|. So limg_¢ |z|sin (‘T—IQ) =0
because lim,_,¢ |z| = lim,; o —|z| = 0. A

(b) lim,_,o+ (1 —sin(Z)) cos(tan(%)).

Solution. Since —1 < cos(tan(%)) <1, we get
—(1 —sin(%)) < (1 —sin(Z)) cos(tan(F)) < (1 —sin(Z)).

Also, lim,_,o+ sin(%) = 1, and so lim,_,o+ —(1 —sin(%)) = lim,_,9+(1 — sin(%)) = 0. Thus,
lim,,_,5+ (1 —sin(%)) cos(tan(X)) = 0. W
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9 Limits at infinity, infinite limits, and asymptotes

1. Limits at infinity. We are interested in lim, , 1. f(x), that is, the limit of a function f as
x gets larger and larger (or smaller and smaller).

A common technique (for rational-type functions) is to factor out the terms of largest degree
from numerator and denominator.

Example. Find:
1—z2—z4

(a) limg oo “gor—0

Solution. Factor x*:

R . 0 1
lim 7} = lim N =——. 1
z—oo  3x* —=x T—00 (3 - = ) 3
—0
(b) limg_e0 2557
Solution. Factor e® (because e > 2 and so e > 2%):
1
& e
27 4 e” . -0 1
lim = lim =— 1
z—00 1 — e tl T—+00 ( e% —e) e
—0

Exercise. Find limy_oo vV — 1 — vz + 1.
2. Horizontal Asymptotes. If L is a finite number and lim, o f(x) = L or lim,_,_~ f(z) =
L, then y = L is a horizontal asymptote of f.

Since the two limits lim, o f(x) and lim,_,_ f(z) may differ, there may be up to two
horizontal asymptotes.

2z —|z|

Example. Find all horizontal asymptotes of f(z) = Tt

Solution. We have
’ 2z — |z| ) 2z — |z|
im —— = lim —m——.
X

So
i 2x — |z I x ]
1m — = 11m _— —
a:—>+001/1_|_x2 a:—>+oo/l/ /?12_’_1
and

. 2r — || . 3z 5
11m — = 1m ——F— = —9.
x—>—m1/1+x2 T——00 —z /%_‘_1

Thus, f has two horizontal asymptotes: y = 1 (at 0o) and y = —3 (at —occ). B

\/cos(%) — cos?(2) |

sin(Z)

xT

Exercise. Find all horizontal asymptotes of f(x) =
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+oo constant
3. Infinite Limits. Limits of the form or are infinite. They evaluate to oo
constant 0

depending on the sign.

. . 3
Example. Find lim,_,_g+ %
Solution. We have

Jr+e
) Jx+e ) 24 e>0 constant > 0
lim ——— = lim = =—-—oc0. N
a8t 22 —x—T72 258t (x+8)(x—9) 0~
~——

~—
0t ——17<0
4. Vertical Asymptotes. If a is a finite number and lim,_,,+ f(z) = oo or lim,_,,- f(z) =
400, then £ = a is a vertical asymptote of f.

For rational-type functions, candidates are the roots of the denominator.

Exercise. Find all vertical asymptotes of f(z) = 524:39.

Solution. Candidates: © = £3 (roots of the denominator). Now,

. 6
Jim, f(7) = 5z = o0
and
x+3 1

L= I = 6 T

So f has only one vertical asymptote; namely: = = 3.

Note that at x = —3, the function is undefined, but the limit exists. This corresponds to a
hole in the graph of the function. B

1 — tan(x)

Exercise. Find the vertical asymptotes of f(x) =
cos(2x)
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10 Continuity

1. Definition. Intuitively, a function is continuous if we can draw its graph without lifting the
pen.

Formally, f is continuous at z = a if:

(1) a € Dy, meaning f(a) is defined.
(2) limy_, f(x) exists and equals f(a). More precisely:

lin_ f(z) = lm f(z) = f(a)

z—a™t

Most familiar functions are continuous on their domains: polynomials, rational functions,
square root, absolute value, trigonometric functions (and inverses), exponential, logarithmic,
hyperbolic trigonometric, etc.

Example. f(x) = is continuous everywhere on its domain (—1,00). B

1
Va+1

us

5, which are

Example. f(z) = tan(x) is continuous everywhere except at odd multiples of
not in its domain. W

For piecewise-defined functions, even if each expression is continuous in its own piece, we still
need to check continuity at the transition points.

Example. Find all a, b such that
1 —ax +2bz® x< -1,
flx)=<b—a+2 r=-1,
a — 5bx z> -1
is continuous.
Solution. At x = —1, we have:

lim f(z)=1—-(—-a)+2b=14a+2b;

r——1"

lim f(x)=a+ 5b;

z——11
f(=1)=b—a+2.

So:
l14a+2b=b—a+2=2a+b=1;

a+5b=b—a+2=2a+4b=2=a+2b=1.

Solve: a =b = % [ |

Example. Find all k£ such that

sin(572) gz <1,

2v/3
3k2
fla) =15 v=1
e
7 x>1
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1S continuous.

Solution. At x = 1, we have
lim f(z) = sin(£%)

z—1— 2V3
3k?
="
J, )= i, e = 5
So Sin(%) = % = % The second equality implies that k& = :I:%. But then the first equality
implies that k = . W

7

. Passing limits through continuous functions. If lim, ,, g(x) = L and f is continuous
at L, then

lim f(g(x)) = f 1 g(x)) = f(1).

r—a

We can of course do this with the composition of more than two functions.

T
Example. Find lim cos .
Xamp 1 z—0 (\/1%13\/156)

Solution. First, we find the limit of the inner function, which is of the form %, and so we need
to multiply by the conjugate:

lim T . mv(\/1+x+\/1—:n):hmﬂx(\/l—i—x—i—\/l—:c):m

wﬁO\/l—Fx—\/l—x:xg% (1—|—$)—(1—$> z—0 2%

Now, since cos(z) is continuous at 7, we have

lim cos e cos| lim it cos(m) 1. |
= = )= —1.
20 Vitz—V1—=z =01+ —1—x

1-9 sin(7x) cos(%—w)
Exercise. Find lim,_,q ¢

1 _|_6sin(7rx)cos(%—7r) '
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11 Derivatives

1. Average rate of change. For a function f, the average rate of change of f between a and b
is
f(b) = f(a).
b—a
which is the slope of the secant line through the points (a, f(a)) and (b, f(b)).

2. Derivative at a point. The derivative of f at a is defined as the limit of the average rate
of change between x and a as x approaches a:

) — 1 £ @)

T—a Tr—a

Equivalently, if we write h = = — a, then

Fa) =t L0 = Ta)

h—0 h

This is the slope of the tangent line to the graph of f at (a, f(a)). It is also the instantaneous
rate of change of f at x = a.
Example. Let f(x) = 3. Find f/(1).

Solution.

P =t LD =IO g o1 g, @oDE D ey gy s m

rz—1 r—1 z—1 v —1 r—1 r—1 T

We could instead find a general formula for f’(x) and view it as a new function, the derivative

function of f: ( ) @)
af dy ., . . fle+h)-f(z
drd T OEIT

For example, when f(x) = 23,

3_ .3 2 2, 13
f'(x) = lim +h)” -2 = lim Sh - Suh” + R lim (322 4 3zh + h?) = 322,
h—0 h h—0 h h—0

Example. Let f(x) = \/x. Find f'(z).

Solution.
vV — — 1 1 1
f'(z) = lim Voth=ye = lim —— thoo = lim = =272 m
h—0 h =0 h(vVz +h++x) h=0r+h+Vor 2z 2
Example. Let f(z) = 1. Find f'(x).
Solution.
1 1 z—(z+h)
prarny Z(ath) —h 1
M) = lim 2Py SR o T 2 m
fz) hso  h hso  h h—0 hx(z + h) z? *
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3. Power Rule. We observe a pattern: for every n € R, n # 0, if f(x) = 2", then
f'(z) = na™ L.
For example, if f(z) = %7, then

fa) =20 = O

7 e
4. Differentiability. Consider the example:
Example. Let f(x) = |z|. What is f'(0)?
Solution. 2] — 0]
/ 1 x| —
Now
lim m =1, 1 m =1
z—0tT T z—0- T

Since the one-sided limits differ, f/(0) does not exist. Geometrically, there is no unique tangent
lineat z =0. W

Example. Let f(x) = ¢/z. Find f/(0).

Solution. Since f(z) = z'/3, the power rule gives

) = a2,

which is not defined at x = 0. Thus f/(0) does not exist (the tangent is vertical). B

In general, if f'(a) exists, we say f is differentiable at a. If f’'(a) exists for all a € Dy, then f
is differentiable.

Every differentiable function is continuous, but not every continuous function is differentiable.
For example, f(z) = |z| is continuous at 0 but not differentiable.
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12 Derivative rules

1. Basic derivative rules. We use the following rules quite often:
1. If f(x) = ¢ for some constant ¢, then f/(z) = 0.
2. (cf(x)) =cf'(x).
3. (f(z) +g(x))
4

I
=
—

8
S—
_l’_
CQ\
—
K
\../

o

) (9())?

(f(x)) _ ['(z)g(z)—f(z)g ()
g(z) '

All of these can be proved directly from the definition of the derivative. For example:
Proof of Rule 1. If f(z) = ¢, then

o) = tim LEEM T e

h—0 h h—0 h

Proof of Rule 4. Let h(z) = f(z)g(x). Then

W (z) =1
() hli% h

Add and subtract f(z + h)g(z):
fla+h)(g(x +h) - g(@)) + g(2)(f(z + h) — f(z))

h—0 h

tim SELERZIC) gy LTI ZIE) 00 4 g0 '),

Exercise. Prove Rules 2, 3, and 5 directly from the definition of the derivative.

Example. Find f'(z) when f(z) = 2" + 2% + ﬁ

Solution. By the power rule and the sum rule,

1
f(x) = 72 4 423 — ix_g/Q. [ |

Example. Find f'(x) when f(z) = (22 — 272)(z3 + 273).

Solution. By the power, sum, and product rules,

fllx)=Ce+20" )P +273) + (2 — 27 (322 - 3271). W

1—
Example. Find f'(z) when f(z) = T_’:Tl
x

Solution. By the quotient rule,
(=) (z't +1) — (1 — 2)(11219)

f/(x) = (211 +1)2 - |
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2. Chain Rule. If h(z) = f(g(z)), then

Example. Find f'(x) when f(z) = (2% +1)78.
Solution.

fllx)= =83 +1)72 (32%) = —2422(23+1)7°. M
Example. Find f'(z) when f(z) = (1 — 4z)v/1 + .

Solution.

fl@)=(-)V1+a+(1-4z)- %(1 +2) .

Exercise. Find f'(z) when f(z) = {/z + 1.

3. Derivatives of trig functions.

(sinz) = cosz, (cosz) =—sinz, (tanz) =sec?z,

(escz) = —cscxcotr, (secz) =secxtanz, (cotz) = —csc? .

To prove these, we use the key limit

lim =1
z—0 X
It follows that
. cosx —1 . —sin?z
lim —— = lim — = 0.
a—0 z—0 z(cosx + 1)
Now the derivative proofs:
Proof of (sinz) = cosz.
(x) = Tim sin(xz + h) —sinx

h—0 h

Using sin(x + h) = sinz cos h + cos z sin h:

1
0 .
, L Y cosh = . sl B
f(x) =sinz hi% . +cosz- li L= — = cosz.

Proof of (cosz) = —sinx.

: + h) —cosx
) = 1 cos(x
fila) = lim N

Using cos(z + h) = cosx cos h — sin x sin h:

0 1

L :
f'(z) = cosx -%— sinx - 512 = —sinz.
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Proof of (tanz) = sec? z.

sin >' (sinz) cosz — (cosz) sinz  cos?x +sin?x 9

= 2 = 5 = sec .
COs* @ COs* @

(tanz)" = (

cosx
Example. Find f’(z) when f(x) = csc(secx).
Solution. By the chain rule, we have:

f'(x) = — csc(sec ) cot(secx) - secxtanz. W

3
. ’ .
Example. Find f'(z) when f(z) = tan<(1 — 51:)2).
Solution. By the chain rule, we have:
/ 2 3 -3

. Derivatives of exponential functions.

Euler’s constant e is the unique base for which

L |
W b
Thus,
(e*) = e”.
For a general base a > 0, since a = €™,
o — ema)z

and the chain rule gives
(a®) =1n(a) a”.

Example. Let f(x) = 3277 Find f(x).

Solution. By the chain rule, we have:

f'(z) = (In3- 321%%1) (In2-2179m%) (—gec’z). W

Exercise. Find the derivatives of the hyperbolic trigonometric functions. (You do not need to
memorize these.)
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13 Implicit and logarithmic differentiation

1. Implicit differentiation. So far, we have mostly worked with ezplicit functions; equalities
of the form y = f(z), with y alone on the left-hand side. But what if ¢’ is needed when the
relation between x and y is given, for example, by = + /zy + y'2 = 7, which is an equation
with both z,y mixed up?

This is called an implicit function. The idea is: take the derivative of both sides with respect
to x, treating y as f(x), and applying the chain rule to any term that involves y. Then solve
the resulting equation for 7/.

Example. Find the slope of the tangent line to the circle 22 + y? = 2 at (1, 1).
Solution. Differentiating both sides: 2z + 2y -y = 0, and so ¢/ = —5. At (1,1), we have

/

y = —% = —1. Thus, the tangent line has slope —1.

Example. Find o/ if:

(a) z+ oy +y2 =T
Solution. Differentiating both sides: 1+ ﬁy +xy + 12yt = 0. So

1 v
v (Vo1 oz 0T o+ 121

(b) e¥ + x cos(zy) = 1.
Solution. Differentiating both sides: e¥y’ + cos(zy) — zsin(zy)(y + zy’) = 0. So

9 xy sin(zy) — cos(xy)

|
eV — x? sin(zy)

y' (¥ — z” sin(zy)) = xysin(zy) — cos(xy) = ¢ =

2. Application I: Derivative of logarithmic functions. Let y = log,(z). Then a¥ = z, and

by implicit differentiation: a¥In(a) -y’ =1 =9y = li(a) = ﬁ@) So
1
1 "= .
(o6,()) = 1

In particular, if a = e, then f(z) = In(z) and

1
1 ==,
(In(z))" =~
More generally, if g(z) = In(f(x)), then by the chain rule:

@)
fl@)

g'(x)

1
Example. Let f(z) = ln(;) Find f/(z).

Solution. Write f(z) = % = %(z) Then




3. Application II: Derivative of inverse trigonometric functions.

(i () = ———,  (cos @) =~ (tan"}(2)) =

V1—22 V1—22

1
1+ 22

Proof of sin~!(z). Let y = sin~!(x). Then sin(y) = . By implicit differentiation, we have:

1 1 o
cos(y) V1 — sin?(y) CVI—a?

cos(y)y =1 = ¢ =

Proof of tan~!(z). Let y = tan~'(x). Then tan(y) = z. By implicit differentiation, we have:

B 1 1
1 +tan?(y) 1422

secQ(y) y=1 = 4= COSz(y)

Exercise. Prove that (cos_l(x))' = —

Example. Let f(z) = tan~!(e™*"). Find f'().
Solution. Note that f(z) = (tan™!) o (e*) o (—z?). So, by the chain rule, we have:

1 2 —pe~ "

f'(@) = 52 () =

4. Application III: Logarithmic differentiation. To find the derivative of a function of
the form y = f(x)?®), we can take In of both sides, and then differentiate using implicit
differentiation.

Example. Let f(z) = z+. Find f(x).

Solution. Set y = :E% Then In(y) = ln(x%) = lng(f). By implicit differentiation:
V_grme)d 1) L, 1okl g (1-h@) g
Y x? 2 72 22

Example. Let f(z) = cos(z)®*@) Find f'(z).
Solution. Set y = cos(x)*®) Then In(y) = In(cos(z)®)) = tan(zx) In(cos(z)). By implicit

differentiation:

v = sec?(z) In(cos(x)) + tan(z) - —sin(z)

_SGCZQ} n{(cos\r)) — an2x.
. ey = sec?(z) In(cos(@)) — tan’(x)

So
y' = cos(z)t@) (secz(x) In(cos(x)) — tanQ(x)). [ |

We can also use logarithmic differentiation to handle complicated products and quotients.

Example. Let
6sin(:c)(l _ $3)2
x cos(z)

fz) =
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Solution. Set y = f(x). Then taking the In of both sides and using the logarithm rules, we

obtain: ) )
In(y) = In(e™@)) + In((1 — 2%)%) — In(22) — In((cos(z))2)
and so
In(y) = sin(x) + 2In(1 — 2%) — 3 In(z) — § In(cos(z)).
By implicit differentiation:

! —322 1 1 —sin(x)
J _ 9. % - .
cos(x) + 1—23 2z 2 cos(x)
Simplify:
! 62> 1
= = cos(z) — T3 + §tan(:13)
So
612 esin(x)(l _ 1‘3)2 622
"= y-( cos(z)— — +1tanx>— (cosx
v =y (cos(a) g5+ tan() — )1
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14 The Intermediate Value Theorem and Newton’s method

1. Intermediate Value Theorem (IVT). If f(x) is continuous on an interval [a,b], and if
fla) < 0 < f(b) or f(b) < 0 < f(a), then f has a root in [a,b], i.e. f(z) = 0 for some
x € [a,b)].

More generally: if f(z) is continuous on [a,b], and if f(a) < k < f(b) or f(b) < k < f(a),
then f(z) = k has a solution in [a, b].

Example. Show that f(z) = 2%+ 2 — 1 has a root in [0, 1].

Solution. At x =0, f(0) = —-1<0. Atz=1, f(1)=1+1—-1=1>0. So by IVT, there
exists ¢ € [0,1] with f(c) =0. B

Example. Show that the equation cos(z) = 2z has a solution.

Solution. Let f(z) = cos(z) — 2x. Then f(0) =1> 0, and f(3) =0—m < 0. By IVT, there
exists ¢ € [0, 5] with f(c) =0, i.e. cos(c) =2c. B

Example. Show that the equation xsin(z) = 1 has infinitely many solutions.

Solution. Let f(x) = xsin(x) — 1.

e On [0,3]: f(0)=-1<0, f(5)=75—1>0,s0 by IVT, there is one solution in [0, 7].

e On 27,27 4 §]: f(2m) = -1 <0, f2n+3) = (2r+ §) —1 > 0, so by IVT, there is one
solution in 27,27 + J].

e Similarly, on [47, 47 + T], f(4m) = -1 <0, f(4r+5) = (47 + 5) — 1 > 0, so by IVT, there
is one solution in [47, 47 + T].

... And this goes on and on. For every positive integer n, there is a root in [2n7, 2n7 + T].
Since these intervals are pairwise non-overlapping, it follows that there are infinitely many
solutions. W

Exercise. Show that the equation 3% = 27 has a solution.
2. Newton’s Method. Suppose f(z) = 0 has a root z*. Finding this root is not always easy
(or even possible). But we can approximate it.
One way to do that is Newton’s method, which goes as follows:
1. Start with an initial guess xp near x*.
2. The tangent line to y = f(x) at xg is y — f(x0) = f'(z0)(x — x0). Its root is

f(x0)
f'(wo)

Ir1 = Xy —

3. Repeat the above step on z (instead of x() to get x2, and on x2 to get x3, and so on. For
n > 0, we have

_ f(zn)
T+l = Tn — .
This sequence xg, 1, T9,... converges to x*, and further terms are closer and closer to the

exact value of 2* (provided xg is chosen close enough to z*).

Important. If xg,z1,z9,... is not converging, then the guess for xy was not close enough to
the root. So choose a better xg that is closer!
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Example. Approximate a solution to z° + 2 — 1 = 0 correct to six decimals.

Solution. Let f(x) = x° +x — 1. Then f'(x) = 5z* + 1. We saw by IVT that f has a root in
[0,1]. Take zo = 1.

P+1-1 1
— 1o T 1 —0.833333..
o 5(1)F + 1 6
0.833333% 4 0.833333 — 1
5 = 0.833333 — i = 0.764382...

5(0.833333)1 + 1
x5 ~ 0.755024..., x4~ 0.754877..., x5~ 0.754877...

So z = 0.754877... to six decimals. W

Example. Approximate the solution to cos(x) = 2z in [0, 5] correct to seven decimals.

Solution. Let f(x) = cos(x) — 2xz. Then f'(z) = —sin(xz) — 2. We saw that by IVT, the root
exists. Take zg = %

cos(0.5) — 1
—sin(0.5) — 2
T9 ~ 0.450183674..., z3 ~ 0.450183611...

1 =0.5— ~ 0.450626693...

So z ~ 0.4501836 to seven decimals. W

Example. Approximate /7 correct to three decimals using Newton’s method.

Solution. We want to solve f(z) = 2 —7 = 0. Then f’(x) = 2x. Take x¢ = 3.

2
127 (20)° -7 32057

PTUR T T I T 12102

/2 2.645751312...

Therefore /7 & 2.645 correct to three decimals. W
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15 Mean Value Theorem

1. Rolle’s Theorem. If f is continuous on [a, b], differentiable on (a,b), and f(a) = f(b), then
there exists ¢ € (a, b) such that f'(c) = 0.

That is, the tangent line becomes horizontal somewhere between a and b (a peak or a valley).
Example. Prove that ¢** = 2cos(z) has exactly one solution in (0, F).

Solution. Let f(z) = e** —2cos(x). Then f(0) =1—-2=-1<0and f(5)=e" > 0. Thus,
we have f(0) <0 < f(5), and so by IVT, there exists x € (0, §) such that f(z) = 0.

Now suppose, for a contradiction, that f(z) = 0 has two different solutions a, b in (0, §); say
a <b. Then f(a) = f(b) = 0. Since f is continuous and differentiable on (a,b) C (0, %), we
can apply Rolle’s theorem, deducing that there exists ¢ € (a,b) C (0, %) such that f'(c) = 0.
It follows that:
f'(c) = 2¢* 4 2sin(c) = 0 = € +sin(c) = 0.

But this is impossible because €2 > 0 (always), and sin(c) > 0 for ¢ € (0, F). This contradic-
tion shows that we started with the wrong assumption that there are two different solutions
a,b. Hence, there is exactly one solution. H

2. Mean Value Theorem (MVT). If f is continuous on [a, b] and differentiable on (a,b), then
there exists ¢ € (a,b) such that
—a

That is, the tangent line at some point between a and b is parallel to the secant line joining
(a, f(a)) and (b, f(b)).

From this point of view, MV'T is just a tilted version of Rolle’s theorem!

A A

f'(e2) =0 (a, f(a))

Figure 1: Rolle’s Theorem (left) and the Mean Value Theorem (right).

Proof of MVT. Let

o) = fa) - T =T g
Note that g is continuous on |[a, b] and differentiable on (a,b), because f is. Also
o(@) = fa) - LD o) = fa),
o) = 10 - =IOy = 56y~ (0) ~ 1)) = 1(a)
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So g(a) = g(b), and we can apply Rolle’s theorem to g to deduce that there exists ¢ € (a,b)
with ¢’(¢) = 0. But

and so
g'(c)=0 = f'(c) -

. Application of MVT — Increasing and decreasing functions.

We say that a function f is increasing on (a,b) if for all x1, x5 € (a,b) with x1 < x2, we have
f(@1) < fla2).

We say that a function f is decreasing on (a, b) if for all z1,z2 € (a,b) with z1 < 2, we have
f(x1) = f(x2).

Theorem. If f'(x) > 0 for all € (a,b), then f is increasing on (a,b).

Proof. Let 1,z € (a,b) with z1 < x9. By MVT, there exists ¢ € (z1,x2) such that

piey = S =)

T2 — I

Since ¢ € (x1,72) C (a,b), it follows that f’(¢) > 0. Also, we have o — 27 > 0, and so
f(z2) = f(z1) 2 0. Thus f(21) < f(z2). W

Exercise. Show that if f/(x) <0 for all = € (a,b), then f is decreasing on (a, b).
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16 Curve sketching

16.1 Increasing and decreasing functions and critical points

1. Test for increasing and decreasing functions. Recall that a function f is said to be
increasing on an interval (a,b) if for all 21,29 € (a,b) with z7 < x9, we have f(z1) < f(x2).
Similarly, f is said to be decreasing on (a,b) if for all z; < x5, we have f(z1) > f(x2).

Using the Mean Value Theorem, we proved that:

o If f/(x) >0 for all z € (a,b), then f is increasing on (a,b).
o If f/(x) <O for all z € (a,b), then f is decreasing on (a,b).

2. Critical points. Given a function f, a point x in the domain of f is called a critical point
of f if either f'(z) =0 or f/(x) does not exist (that is, f is not differentiable at x).

Fact. Points at which the sign of the derivative changes (that is, where the increasing/decreasing
behavior changes) are always critical points. But, not all critical points are points where the
sign of the derivative changes (that is, where the increasing/decreasing behavior changes).

Example. Let f(x) = 2. Determine where f is increasing and where it is decreasing.

Solution. Since f’(x) = 2z, it follows that f'(z) < 0 for <0, and f'(z) > 0 for x > 0. Thus,
f is decreasing on (—o0,0] and increasing on [0, 00).

Note that the change occurs at 2 = 0, which is a critical point because f/(0) = 0. B

Example. Let f(x) = |z — 1|. Determine where f is increasing and where it is decreasing.

Solution. Since f(x) = 1—x for all z < 1 and f(x) = = — 1 for all z > 1, it follows that
fl(x)=-1<0for x <1and f'(x) =1> 0 for all z > 1. Hence, f is decreasing on (—oo, 1)
and increasing on (1, 00).

Note that the change occurs at x = 1, which is a critical point because f’ does not exist at
r=1 1
Example. Let f(x) = (z+2)3—1. Determine where f is increasing and where it is decreasing.

Solution. Note that f’(x) = 3(x + 2)2, which is never negative. Thus, f is increasing every-
where and never decreasing.

However, the point 2 = —2 is a critical point since f'(—2) = 0 there, but no change in behavior
occurs there. W

3. The algorithm. To determine the critical points and where f is increasing or decreasing,
follow these steps:

1. Find all z in the domain of f such that f/'(x) =0 or f/(x) does not exist. These are the
critical points.

2. Determine the sign of f’(x) on the intervals between consecutive critical points (e.g., using
a sign chart). If f/(x) > 0, then f is increasing on that interval. If f’(x) < 0, then f is
decreasing on that interval.

3. Include the endpoints of the domain in those intervals only if f is continuous at those
points. An endpoint may belong to both intervals it borders.
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Example Find the critical points and determine where f is increasing or decreasing for:

(a) f(x) = 2% —62* + 7.

Solution. Note that f’(x) = 62° — 2423 = 223(32? — 12). So f/'(x) = 0 for . = 0 or z = +2.
These are the critical points.

Note that the function is continuous at all critical points. (It is continuous everywhere!)
We now figure the sign of f/(x):
T ‘ —00 -2 0 2 +00
@) ] - + -+

Hence, f is

e decreasing on (—oo, —2] and |0, 2];

e increasing on [—2,0] and [2, c0).
Note that while f is decreasing on (—oo, —2] and [0, 2], it is not decreasing on (—oo, —2]U][0, 2].
Here is why: Note that —/5,1 € (—o00,—2] U [0,2], f(—=v5) = 125 — 150 + 7 = —18 and
f(1) =1—-6+7 =2 Thus, we have —/5 < 1 and f(—+/5) < f(1), which is not what a
decreasing function should be doing.

So, watch out! Don’t take the union of the interval over which f has the same behavior.
Just write them out separately. B

(b) fle) = 5=
Solution. Note that Dy =R\ {—1,1}. Differentiate:

() = (1—-2z)(z2 - 1) — (1 4+ 2z — 2?)(22) _ —(22+1)
@1 o

Note that f’ has no roots, and f’ is defined wherever f is defined. So f has no critical points.
(Yes, f’ is not defined at = %1, but these points are not in Dy).

Also, 2 +1 > 0 and (2® — 1) > 0. Therefore, f'(x) < 0 for all z € Dy, and so f is decreasing
everywhere on its domain. W

16.2 Local minima and maxima

Let f be a function and x¢g € Dy. We say that g is a local minimum of f if there exists an open
interval I C Dy containing zo such that

f(x) > f(xo) for all z € I.

Similarly, g is a local mazimum of f if there exists an open interval I C Dy containing x¢ such

f(x) < f(mp) for all z € I.

max
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Fact. Local minima and maxima occur only at critical points, but not all critical points are local
minima or maxima. For instance, z = 1 is a critical point for f(z) = (x — 1)3, but it is neither a
local minimum nor a local maximum.

So how do we tell if a critical point of f is indeed a local minimum or maximum?
First derivative test. Let ¢ be a critical point of a function f at which f is continuous.
e If the sign of f/(x) changes from positive to negative as x passes through ¢ from left to right,

then f has a local maximum at x = c.

o If the sign of f’(x) changes from negative to positive as x passes through ¢, then f has a local
minimum at z = c.

e If the sign of f'(x) does not change as x passes through ¢, then f has neither a local minimum
nor a local maximum at z = c.

Example Find all local minima and maxima of

(a) f(x) = 11 + 523 — 52 + 2°.

Solution. We have f'(z) = 1522 — 2023 + 52* = 522(22 — 42 + 3) = 52%(z — 1)(x — 3). So the
critical points are x = 0,1, 3, and f is continuous at all of them.

Now, we figure out the sign of f'(x):

T ‘ —00 0 1 3 +00
f(x) ‘ + + - +

Hence, f has a local maximum at z = 1 and a local minimum at x = 3. Note even though z = 0 is
a critical point, f has neither a maximum nor a minimum there. H

(b) f(z) = (952_,:196)*2-
Solution. We have Dy =R\ {—1}. Also,

() = —(z+1)2-2-2)2)(z+1) @+ D)(z+1)+22-2) —(z+1)(B-z) x-5

B (x+ 1) B (x+1)4 B (x+ 1) (x4 1)
So the only critical point is * = 5 (where f’(5) = 0). Note that x = —1 is not critical because it
doesn’t belong to the domain of f.

Now we check the sign of f/(z):

x ‘ —00 —1 ) 400
(=) | + -+
Thus, f has a local minimum at x = 5. Note that x = —1 is neither a maximum nor a minimum,
because it is not even a critical point. l

(©) f@) = —

Solution. Note that 1 — ™" =0 = z = +1. So Dy =R\ {£1}. Also, we have
/ j—
fe) =gy

So the only critical point is x = 0. Note that the roots x = +1 of the denominator of f’ are not
critical points as they don’t belong to the domain of f.

Since e!** and (1 — e!~*")2 are positive everywhere, the sign of f/(z) is the same as the sign
of z. Hence, f'(x) <0 for z < 0 and f/(z) > 0 for x > 0, and so z = 0 is a local minimum. B
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16.3 Concavity

1. Definitions and the test for concavity. A function f is said to be concave up on an
interval I if for all x1,x9 € I with 1 < x2, the secant line through the points (z1, f(z1)) and
(x9, f(z2)) lies entirely above the graph of f between z; and xs.

Analogously, f is said to be concave down on I if for all z; < xo in I, the secant line through
(z1, f(z1)) and (x2, f(x2)) lies entirely below the graph of f between x; and z5.

Concave up

Concave down

Observation. When the slope of the tangent line to the graph of f, that is, the function
f'(x), is increasing, f is concave up; and when f’(x) is decreasing, f is concave down.

To determine whether f’(x) is increasing or decreasing, we look at its derivative, that is, the

derivative of the derivative of f, called the second derivative of f, denoted by f”(x), or ?127];?
d?y

or 2

Test for Concavity.

o If f”(x) >0 for all z € (a,b), then f is concave up on (a,b).
o If f"(z) <0 for all € (a,b), then f is concave down on (a,b).

In particular, intervals of concavity are separated by points z at which f”(z) = 0 or f(x)
does not exist.

2. Points of inflection. A point £ = ¢ in the domain of f is called a point of inflection of f if
the concavity of f changes as x passes through x = c.

For finding points of inflection and intervals of concavity, follow this algorithm:

1. Find all points z in the domain of f such that f”(z) =0 or f”(x) does not exist.

2. Determine the sign of f”(z) around those points. If f”(z) > 0, then f is concave up; if
f"(z) <0, then f is concave down. Include endpoints only if f is continuous there. As before,
do not merge intervals that have the same concavity; list them separately.

3. The points obtained in Step 1 around which the sign of f”(z) changes are the inflection
points of f.

Example. Find the intervals of concavity and points of inflection of
(a) f(x) = —a* — e ™.
Solution. We have D; = R, and

fl(x) = —da®+ e,  f'(x)=—1222 — e 7.

Since f”(x) = —122% —e~* < 0 for all z, it never changes sign. Therefore, f is concave down
on R and has no points of inflection. W
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(b) f(z) = 225 — 52t + 42 — 1.
Solution. We have Dy = R, and
fl(x) =42® —102° +4,  f"(z) = 202" — 3022 = 102%(22% - 3).

Thus, f”(z) =0 when z =0 or « = £,/3, and f is continuous at all of them.

Now we analyze the sign of f”(x):

T ‘ —00 —\/g 0 % +00
(@) | + - - +
Hence, f is concave down on (—oo,—/2] and [\/g, o0) and concave up on [—\/g, 0] and
[0,4/3].
Therefore, x = — %, % are points of inflection. Note that x = 0 is not a point of inflection,

because the sign of f” doesn’t change around it. B

. The Second derivative test. Concavity also gives us a new way to spot local minima and
maxima at the roots of the derivative of a function f.

Let f be a function and ¢ € Dy such that f/(¢) = 0. Then:

o If f”(c) >0, then f has a local minimum at x = c.
o If f”(c) <0, then f has a local maximum at = = c.

o If f”(c) =0, the test is inconclusive (it could be a minimum, a maximum, or neither).

Example. Let f(x) = %$5 — %:p‘l —x3 4+ %xQ + 2x. Determine which critical points are local
minima, local maxima, or neither.

Solution. We have
fllo)y=at—a3 —322+24+2=(z+ 1)z - 1)(z - 2).
So the roots of f’ are z = —1,1,2. Also,
f"(x) = 42® — 32% — 62 + 1.
Evaluate at the critical points:
f"(2)=32-12-124+1=9>0 = Local minimum at z = 2,

f'"1)=4-3-6+1=-4<0 = Local maximum at = = 1,
f”(_l):—4—3+6+1:0 = Inconclusive at t = —-1. N
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16.4

Curve sketching

Now we put together these ingredients and devise a recipe for sketching the graphs of functions:

1.

2.

Find the domain of f.

Find the vertical asymptotes: all a such that lim f(x) = too.

rz—at

. Find the horizontal asymptotes: finite numbers L such that lim f(x)= L.

r—+0o0o

. Find all z for which f’(z) =0 or f/(x) does not exist (possible critical points).
. Find all z for which f”(z) =0 or f”(z) does not exist (possible inflection points).

. Decide the increasing/decreasing behavior and concavity on each interval determined by the

points from (4) and (5). List the local extrema (by first or second derivative test) and points
of inflection (where concavity truly changes).

For each interval, sketch using the sign chart of f’ and f”:

F(2) >0 F(2) <0

f/(z‘) >0 J F
fa) <0 k _\

Example. Sketch the graph of f(z) = 2* — 222 + 7.

Solution.
1. Domain: Dy = R.
2. Vertical asymptotes: None.
3. Horizontal asymptotes: None.
4. f'(z) = 42® — 4z = 4w(2? — 1) = 4z(x — 1)(z + 1). Critical points: z = —1,0, 1.
5 f"(x) =120% —4=4(322 —1). So f"(z) =0 =z = i%.
6. Signs of f" and f”:
z | —o0 -1 -7 0 7 1 +00
f! - + + - - +
f" + + - - + +

In particular, x = i% are both points of inflection.

7.

The graph looks like this:
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x2

Example. Sketch the graph of f(z) =

9 — 22
Solution.
1. Domain: R\ {-3,3}.
2. Vertical asymptotes:
lim f(z)=+o0, lim f(z)= —o0,

x—3~ z—3+
lim f(z)=—o0, lim f(z)=4o0.
z——3" z——31

So x = +£3.

3. Horizontal asymptotes. lim, .+ % =—-1. Soy=-1.

4. fl(x) = %. The only critical point is x = 0 (At z = +3, f/(z) doesn’t exist.)

5. f"(x) = 5(4;(73;%23) No roots since 54(3 4+ x2) > 0. But f”(x) doesn’t exist at x = £3.

6. Signs of f" and f”:

T | —00 -3 0 3 +o00
f! - - + +
fl/ _ + + —

7. The graph looks like this:

|
Example. Sketch the graph of f(z) = el=s using the full recipe.

Solution.
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. Domain: R\ {0}.

Vertical asymptotes: lim, ,o+ f(z) = 0 and lim,_,o- f(x) = +00. So = = 0 only from the
. Horizontal asymptotes: lim, 1. el_% =e. Soy=e.
1
() = = e!=% > 0. No critical points. (At 2 =0, f'(z) doesn’t exist.)
x
f(x) = 1= 2 el"z. So () =0 = x=3. (At =0, f’(x) doesn’t exist)
) - ot : - -2 - '
. Signs of f’ and f":
T | —00 0 % +o0
/
7 +  + +
f" + + -
. The graph looks like this:
A
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17 Global minima and maxima, and optimization

A function f has a global mazimum on an interval I at xg € I if for every = € I,

f(x) < flxo).

Similarly, f has a global minimum on I at xq if for every z € I,

f(x) = f(zo).

Fact. If f is continuous over a closed interval [a,b], then f attains both a global maximum and
a global minimum on [a,b]. These occur either at a critical point of f in (a,b), or at one of the
endpoints a and b.

So, to find the global extrema of a continuous function f on [a, b]:

1. Find all critical points of f in [a,b] (i.e., all ¢ € [a,b] where f’(¢) =0 or f/(c) does not exist).
2. Compute f(a), f(b), and f(c) for all critical points ¢ € [a, b] of f.
3. The largest value is the global maximum; the smallest is the global minimum.

Example. Find the global extrema of f(x) = 32° — 5023 + 1352 — 71 over [0, 4].

Solution. We have f’(z) = 152* — 15022 4 135 = 15(2* — 1022 4+ 9) = 15(z2 — 1)(2%2 - 9). Sox =1
and x = 3 are the critical points in [0, 4].

Now, f(0) = =71, f(1) = 17, f(3) = —287 and f(4) = 341. Thus the global minimum is —287 at
x = 3 and the global maximum is 341 at z = 4. B

Example. You have 6m of fencing to enclose a rectangular patio along a wall, so only three sides
need fencing. What is the maximum area you can enclose?

Solution. Follow this procedure:

1. If needed, draw a picture and identify the variables.

2. Identify the quantity to be maximized /minimized, and the constraints.

3. Rewrite that quantity in terms of one of the variables using the constraints.
4. Find the global extrema as required.

Here,
1. Let the perpendicular sides of the patio have length a and let the open side have length b.
2. The area enclosed is S = ab, and the constraint is 2a + b = 6; in particular, we have a € [0, 3.
3. Rewrite the area as a function of a only: f(a) =5 = ab= a(6 — 2a).

4. Find the global maximum of f(a) for a € [0,3]. We have f’(a) = 6 —4a. So, there is a critical
point at a = 3. Now, f(0) =0, f(3) =6(3) —2 (%)2 =9—2 =12 and f(3) = 0. Hence, the
maximum area is 4.5 m?, attained when a = % and b=3. B

Example. You have a 10m? tin sheet and want to make a cylindrical can (with top and bottom).
What is the maximum volume of the can you can make?

Solution.

1. Let the radius of the top and the bottom be r and let the height be h.

48



2. The volume is V = 7r2h. The constraint comes from the surface area:

10—-2mr2 5
27T7“2—|—27rrh:10:>h:7ma =— -7
27r mr

In particular, note that » > 0, and if all the sheet goes for the top (bottom) surface — as if the

h =0 — then:
/10
ar?=10=1 =/ —.
T

1
So we have r € [O, 0] i
T

5

3. Rewrite the volume as a function of 7 only: f(r) =V = mr?h = Wrz(; — T) = 5r — 7.

4. Find the maximum of f(r) for r € [0,1/10/x]. We have f'(r) = 5 — 3mr? = 0. So there is a
critical point at r = \/%. Now,

f(0)=f< 1,9)=0, f( ;):;3{3

The maximum volume is ;?/‘?é attained when r = \/3% and h = % — 7 =24/ 3% =2r.

s

Example. Find the point (z,y) on the curve y = /x for = € [0, 4] that is the closest to (2,0).

Solution.

1. Variables are just x,y.

2. The distance is d = \/(z — 2)2 + (y — 0)2 = /22 — 4z + 4 + y2.
The constraints are y = /= and = € [0, 4].

3. Instead of d, we minimize d>. And we can rewrite d? as a function of  only:
flx)=d?>=2? —dx + 4+ (Vo)> =2° — 3z + 4.
4. Find the global minimum of f(z) on [0,4]. We have f’(x) = 2z —3. So there is a critical point
at = 3. Now, f(0) =4, f(4) = 8 and f(3/2) = 7/4. Hence, the closest point is (%, \/§>,
with minimal distance \/Z . i

Example. Prove that it is impossible to draw a rectangle inside a triangle (with one side of the
rectangle along the base of the triangle) such that the rectangle occupies more than half of the area.
Solution.

1. Let the triangle have base length b and height h. Think of b, h as fixed. Let the rectangle
have side lengths x and y, inscribed with the x-side on the triangle’s base. Think of =,y as
the variables.
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2. The area of the rectangle is A = xy. The constraint comes from similarity: By similarity of
-

b

3. Rewrite the area as a function of x only:

triangles: % = =y = h(1 — §). Moreover, we have = € [0, b].

f@)=A=axy=ha(l - &) =h(z - %).

4. Find the maximum of f(z) on [0,b]. We have f'(z) = h(1 — 2%). So there is a critical point
at z = 2. Now, f(0) = f(b) =0, and f(5) = 2. Thus, the maximum area of the rectangle is

1
%, and
Maximum area of the rectangle % 1
- ===-. 0
Area of triangle b2

Exercise. If you fit the largest possible cone inside a sphere, what fraction of the sphere’s volume
is occupied by the cone? (Here the cone is a right circular cone with its base perpendicular to the
axis of symmetry.)
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18 Related Rates

dx
Suppose two quantities x and y vary with time ¢. If z and y are related, and we know - that

d
is, how quickly = changes with time — then we can often find d—gz, the rate at which y changes with

time. We take the following steps:

1. Define your two quantities (draw a picture if needed).

2. Find a formula relating the two quantities.

3. Differentiate implicitly with respect to t.

4. Solve for the desired rate using the known rate(s) and values.

Example. A person is walking away from a street light at a rate of 2 m/s. The person is 2 m tall
and the street light is 6 m tall. How quickly is the length of the person’s shadow changing?

Solution. Let = be the distance from the person to the light and let s be the length of the shadow.
By similar triangles,

6
x—+ s

2
=- = 6s:2:v—|—2$:>43:2:c:>s:§.
s

Differentiate both sides with respect to t¢:

ds ldz 1

—=—-——=—(2)=1.

dat  2dt 2( )
So the shadow is lengthening at a rate of 1 m/s. H
Example. A cylindrical tank standing upright (with one circular base on the ground) has radius 20
cm. How fast does the water level in the tank drop when the water is being drained at 25 cm?/s?

Solution. Let h be the height of the water and let V' be the volume. If water is being drained at a
rate of 25 cm?/s, this means that

dv
— =25
dt |

Also,
V = 7(20)*h = 4007h,

Differentiating both sides with respect to ¢:

ﬂ_gm()%i@_;%__i
dt  U%ar T dt T 400m 167

Thus, the water level in the tank is decreasing at a rate of about 0.02 cm/s. B

Example. A steel cylinder is being compressed in a hydraulic press. The steel remains cylindrical
with a constant volume of 40 cm?®. If the height is decreasing at a rate of 1 cm/s, find the rate at
which the radius is increasing when r = 2 cm.

Solution. Let h be the height and let r be the radius. Then

mr?h = 40.
Differentiate both sides with respect to t:
dr  5dh dr r? dh r dh
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40 40 10 dh
AtTZQ,Weﬁndh:W:E:?,and%:—1

dr 2 T
dat _2(10/7r)(_1) 10

T
So the radius is increasing at 0 cm/s. B

Example. A ladder 13 m long rests on horizontal ground and leans against a vertical wall. The foot
of the ladder is pulled away from the wall at 0.6 m/s. How fast is the top sliding down the wall
when the foot of the ladder is 5 m from the wall?

Solution. Let x be the distance from the wall and let 3 be the height on the wall. Then 22 +1? = 132.
Differentiate with respect to t:
dx dy

20— + 2y— =
xdt—i- ydt 0=

@_ z dx

dt  ydt

At x =5, we have y = v/13%2 — 52 = /169 — 25 = 12. Thus,

dy ) 1
e 2 06)=—-.
dt 12( ) 4
So the top is sliding down at 0.25 m/s. B

Example. Sand is poured at a constant volume rate of 15 cm? /s, forming a conical pile whose height
always equals its base diameter. How fast is the height increasing when the pile is 3 cm high?

Solution. Let h be the height of the pile, let r be its radius, and let V' be its volume. Then we have

dv
2 15
dt 5
and since h = 2r, we have
1 5, 1 (h\? 7h3
V—gﬂ'r h—37T<2> h_ﬁ

Differentiate both sides with respect to ¢:

AV _mppdh _dh_ 60
dt 4 dt ~ dt wh?
Thus, at h = 3, we have
dh _ 20
dt 37’

20
meaning that the height of the pile is increasing at 3. cm/s. A
s
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19 L’Hopital’s rule

Suppose f, g are differentiable near z = a (except possibly at a). Assume that lim,_,, % has the
indeterminate form % or % and that the limit lim,_,, % exists (finite) or is +00. Then

@) @
2 gw) e ()

Notes. The rule can also be applied to:

1. One-sided limits  — a® and for limits at infinity 2 — 4oo.

0
2. The indeterminate form 0 - co. Rewrite as a quotient: 0-oco = T =
00

3. The indeterminate forms 0°, (4-00)?, 1°°. Take In, use L’Hopital, and then exponentiate again.

e L=0"=In(L) =0-1n(0) =0 (—00).

[en) Naw)

o L= (+00)" = In(L) =0-In(+oc) =0 o0.
o L=1°=1In(L)=o00-In(l) =00-0.

Example. Find the following limits.

$2—7T2

a) li
()xl—lgr sinzx

Solution. Type %. Apply L’Hépital’s:

2 2
- 2 2 2
m &= i 2 = T T o m
z—oT sing T—T COS T COS T —1
202 —3x + 7
b) Ilm ————.
( >xi>rgox2+47x+1
Solution. Type %=. Apply L’Hopital’s:
202 —3x+7 . 4x—3 i 4 5 m
im —— = lim = lim - = 2.
z—oo g2 +4Tx +1  a=c0 2 +47 5002
-1
(c) lim %.
x—0 Sinx
Solution. Type %. Apply L’Hépital’s:
lim sec.a: -1 ~ lim secxrtanx ~ lim tan2:U 0 m
z—0 sinx z—0  COST z—0 cos2 x
1
d) lim .
(d) =0+ 22lnzx
1
Solution. Write m = % So the type is 2. Apply L’Hopital’s:
» —Z 2
lim £ = lim %: lm — =-c0. N

z—0+ Inx z—0t

53



(e) lim xﬁ
r—1+
Solution. Let L be the limit. Then:
1 1 |
lnL:ln<lim x:t;) = lim In (wwil) = lim ne .
z—1t z—=1+x —1

r—1t

The type is 8. So by L’Hopital’s:

)

1
InL = lim Inz =lim % =1
z—1+t T —1 z—1 1
Hence L=e' =¢. N
1 xr
(f) lim <1 + > .
T—00 x
Solution. Let L be the limit. Then by L’Hépital’s:
1\* 1\* 1 In(1+ 1
lanln(lim <1+> ) = lim 1n<<1+> ) = lim :Cln<1+> = lim n( —
T—00 T T—00 T T—00 €T T—00 <
The type is 8. So by L’Hopital’s:
Ll 2z
+1 I
L — fim : 2 _ o E 1,
T—r00 5 T—00
and thus L=c. B
V2 +1-1
(g) lim Y2
z—=0 Jr+1—1
Solution. Type 8. Apply L’Hépital’s:
2x
vV +1-1 2 224/ 1
limLzlim v+ 1 = lim TV A+ =
z—0 Jr+1—-1 z—0 1 x—0 2 +1
2vr+1
10 1 _ _ 1
(h) lim
z—1- § —sin™ " (z)
Solution. Type %. Apply L’Hopital’s:
R VA ey | . = (L—z)710 , V1— 22
lim T 1/~ = lim 1 = lim A1 N9/10
1= § —sinT(z)  ao1- - e—1- 10(1 — x)9/
V2

_oa1/2 1/2
= lim (1—=2) ;_/1? = lim M o = 00 |
10(1 — CC) 1~ 1OW

r—1—
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tan(1l — e*
() tim 22—
2—0 e® — cos(x)

Solution. Type %. Apply L’Hépital’s:
tan(1 — e®) . —e%sec?(1 —e®)  —sec?(0)

im ——~ = lim - = =-1. N
a—0 e¥ —cos(x) a—0  e® +sin(z) 140

() lim sin(x) — tan(z)

=0 1 —+/1— 23
Solution. Type 8. Apply L’Hépital’s:

i . 2v'1 — 23 (cos(z) — sec?(z)) .

z—0 322 z—0 32

2v/ 1 — 23

cos(x) — sec?(x)

Note that
lim 24/1 — 23 = 2.
r—0

)
So we just need to find lim cos(w) — sec(x)

, which is again of type 8. Apply L’Hopital’s:

z—0 32
. cos(z) — sec?(x) . —sinz —2sec?ztanz , —cosx — 2(2sec?ztan®z + sect x) 1
lim = lim = lim = ——.
z—0 32 z—0 6x x—0 6 2
Hence, the final answer is 2 (—%) =-1. 1
(k) lim sec(z)°®)
=5

Solution. Let L be the limit. Then

InL = 1n< lim sec(x)cos(’”)> = lim In (sec(m)cos(m)) = lim cos(z) In(secz) = lim M.

T2 =%~ z—(7/2)~ z—(m/2)~ secx
The type is 32. So by L’Hopital’s:
secatanc
In(secz) sec T

InL= lm —= Ilm —==*—= 1lim cosz=0,

z—(m/2)~ Secx z—(n/2)~ SecEtan T g (n/2)~
and thus L=1. &

Exc. Find the following limits.
2% — 3*

lim ———
@) =)
(b) lim arcsin 2x

z—0 arcsin 3x

. _ xT

(C) lim ZE(l cosx)
z—0+t
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20 Linear approximation and differentials

Let f be a function differentiable at x = a. Let L,(z) be the line tangent to the graph of f at
r = a, viewed as a function of x. Then

La(x) — f(a)

r—a

=f'(a) = L) = f'(a)(z—a)+ f(a).

This linear function L,(z) is called the linear approximation of f at a.
The idea is that when z is very close to a, the value of L,(x) is a good approximation of f(x), even
if f(z) itself is hard to compute.

Example. Find the linear approximation of f(z) = /z at a point = a. Use it to approximate

/26.9 and /1002.

1 1
Solution. We have f'(z) = . Atz =a, f(a) = J/a and f'(a) = . Hence
P = s @) = Yaand ') =
1
L,(z)=¥a+ ——(z—a).
(z) = Va 3\%—2( )
For v/26.9, take a = 27. Then
3 1 1
26.9 = L97(26.9) = —(—01)=3 — — =~ 2. .
V26.9 & Lr(26.9) = 3+ 3(~0.1) = 3 — 5 ~ 2.9963

Note that the actual value of v/26.9 is 2.996291714 - - -. So this is an excellent approximation.
For +/1002, take a = 1000. Then

1 _
V1002 =~ Liggo(1002) = 10 + %(2) = 10.006.

Note that the actual value of v/1002 is 10.00666223 - - -, again very accurate. W

We can also use linear approximation to estimate very small changes in f(x) when = changes very
slightly. If x changes from a to a + dx, where dz is quite tiny, then the small change in f(z) is
roughly

dy = Ly(a + dx) — Lo(a) = f/(a) du.

We call dz and dy the differentials of x and y, respectively.
Example. Approximate the change in e* as x changes from 1 to 1.001.

Solution. Here f(x) =e*, f'(z) =€®. Soat =1, f'(1) = e and dz = 0.001. Hence
dy ~ f'(1)dz = ¢(0.001) = 0.001e ~ 0.002718.

Thus €% ~ e 4+ 0.002718. W
Example. Approximate the change in the area of a circle as its radius changes from 3 to 3.001.

Solution. Here A(r) = nr?, so A'(r) = 27r. At r =3, A'(3) = 67, and dr = 0.001. Hence
dA ~ A'(3)dr = 6m(0.001) = 0.0067 ~ 0.01885.

So the area increases by approximately 0.01885. B
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21 The sum notation

Given numbers a1, a2, ..., a, indexed by 1,2,...,n, we use the following notation for “the sum of
the a;’s fromi=1toi=n.”

n
Zai:a1+a2+---+an
i=1
Here are some basic properties of the ¥ notation:

n
e For any constant ¢, we have Z c = nec.
i=1
n n
e For any constant ¢, we have Z(c a;) = cZai.
i=1 i=1

e We have zn:(ai:tbi) = Zn:ai + Zn:bi.
i=1 i=1 i=1

e We have Z(aiﬂ —a;) = apt1 — a1. This is called a telescoping sum.

i=1
Proof. Note that:

n

Z(%’-&-l —a;) =(ag —a1) + (ag —a2) + -+ + (an+1 — an) = Gpt1 — a1.
=1

Example. Prove that for every positive integer n,

zn:i _ n(n+1)
, B 2
1=1

Solution. Write the sum forwards and backwards and add:
S=>i=1+42+ -+ (n-1)+n,
i=1

S=> (n+l-i)=n+@n-1)+-+2+1L
=1

Adding up both sides gives

i=1 i=1

Example. Prove that for every positive integer n,

ilza _ n(n + 1)6(2n +1)

57



Solution. Recall that (i 4+ 1)% =43 + 3i% 4+ 3i + 1. So,
(i+1) =% = 324+ 3i + 1.

Taking the sum from i = 1 to ¢ = n, we obtain:

n n

S+ 1)P=?) =D B +3i+1) = 3§n:i2+3§n:z'+§n:1.
=1 1=1 =1 =1 =1

Now, the left-hand side is a telescoping sum:

zn:((iﬂ)?’—ﬁ) =(n+1)>-1.

i=1

For the right-hand side, note that » ;" | 1 = n, and by the previous example, Y ;" | i = w Thus

3Zi2+32i+21:32i2+3-7+n.
=1 =1 =1 =1

We deduce that:

(n+1)3—1:32i2+w+n

i=1 2
- 3n(n+1) n(n+1)(2n+1)
2 3
= 1)»y-1-——-7="-—-n=
=3 ;:1 i“=(n+1) 5 n 5
Zn 2 n(n+1)2n+1)
i=1 Z 6

Exercise. Prove that for every positive integer n,

=1

Exercise'. Prove that for every positive integer n,
n

7 n 4+ 2
=1

'For very interested students, and beyond the scope of the class!
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22 Area of a circle

Let’s prove? that the area of a circle of radius 7 is 7r2.

1. Consider the function
flz) =+/r2— a2

Note that Dy = [—r,r]. Our goal is to prove that the area enclosed between the graph of this

. . . 2
function and the z-axis is %

- <

2. Start with a positive integer n. Divide the interval [0, 7] into n equal sub-intervals; that is,

choose n + 1 points 6y, 01, ..., 60, in [0, 7] where
s
0; =—, foreveryi=0,1,...,n.
n
So we have 5
s T nmw
0p=0, b=—, Og=—, ..., O,=—=m.
n n n
T
Note that for every ¢ = 1,...,n, we have §; — 0;,_1 = —.
n
™
n n é

3. For every i =0,1,...,n, define
x; = rcosb;.

So we have
T 2
xg=rcos0=r, xlzrcos(—>, xg=rcos|— |, ..., mp=rcos(m)=—r.
n n
It follows that g, x1,...,z, break [—r,r| into n (not necessarily equal) sub-intervals.

Not necessarily equal anymore!

/ N
IEATEA

Ty 7 T2 T1 Xo r

2This example is for demonstration only, and you will not be asked to solve problems at this level of difficulty.
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4. For every i = 1,...,n, consider the rectangle with vertices
(i-1,0), (2i,0), (i, [ (1)), (wi-1, f(21)).
Let S; be the area of this rectangle. Then we have
Si = f(@i)(Ti1 — 1)

The key observation is that the sum of S1,...,.S, approximates the area of the semicircle,
and, the bigger the choice of n we started with, the better the approximation!

5. We have a new notation for taking the sum of a bunch of variables that all depend on an
integer parameter:

n
> Si=S1+S++58
i=1
Using this notation, what we said above can be rewritten mathematically as follows:

The area of the semicircle = lim Z S; = 7}51;02 flzi)(xiz1 — ).
i=1 i=1

n—ro0 4

6. Now, for every ¢ = 1,...,n, recall that by the definition of f and the choice of z; and x;_1,
we have:

Si = fxi)(wi_1—x5) = /12 — 12 cos? 0;-(r cos O;_1 —r cos 0;) = 2 (sin 6; cos O;_1 —sin 0; cos b;).

Since ‘ (- 1)
i i — 1)
0 =—, bi1=-—-",
n n

using the sum/difference identity, we have

n 2 n

1 1 2i—1 1
sin 0; cos 0;_1 = i(sin(@- +0;—1) +sin(l; —0,-1)) = 3 sin (MT) + —sin (E);
and using the double-angle identity, we have

1 1 21
sin @; cos 0; = 3 sin(26;) = 5 sin <:Zr>

Thus, substituting blue for blue and red for red, we have

1 2t —1 1 1 21
sin @; cos0;_1 — sinf; cos ; = 3 sin <u) + 3 sin (z) — —sin (ﬂ) .

n
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It follows that

Z S; = r? Z(sin 0; cos0;_1 — sin 0; cos 6;)

i=1

[R5 ) ()

=1

First sum Second sum Third sum

7. Note that the first sum is the “sum of sines of the odd multiples of - from 1 to 2n — 17, and
the third sum is the “sum of sines of the even multiples of 7 from 2 to 2n. Thus, together,
they are the “sum of sines of all multiples of 7 from 1 to 2n”; that is:

2n .
(i
First Third g E E
1rst sum -+ 1rd sum = sin ( ) sin ( ) sin < n >

=1 i=n—+1
n . n .
. . ((n+i)7m
= Zsm <n> + E sin <n>
=1 =1 —_——

i
T+ -

E((z) () -

For the second sum, note that sin (%) is a “constant” (meaning it doesn’t vary as i changes).

So,
- T T
Second sum =3 sin () =nsin (7).
econd sum 2 sin { nsin (

8. Putting the three sums back together, we have:

S 6= (1) T T _ ()
= n 2 z 2 o
=1 n n
Recall that:
n s 2 s
mre sin (% r sin (X
The area of the semicircle = lim S; = lim — - 7r(") = — - lim ﬁ(”)
n— 00 n—o00 = n—o0 s
i=1 n n
Also, as n — oo, we have - — 0, and so lim, w = 1. Hence, we proved that

n

. 2
The area of the semicircle = - [ |
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Here are two intriguing questions to take away:

e Recall that we found the area enclosed between the graph of f(z) = Vr? — 22 and the z-axis
over [—r,r]. But why don’t we do this more generally? In other words, why would we not
think about the area enclosed between the graph of a function f and the x-axis over
a closed interval [a,b] in the domain of f7

e We just saw that the area of a circle, as a function of its radius r, is
f(r) =mr?
If we “go to the boundary”, the perimeter of the circle is
g(r) = 2mr.

You probably also know that the volume of a sphere, as a function of its radius r, is

4
flr)= §7rr3.
If we “go to the boundary”, the surface area of the sphere is
g(r) = 4mr?.

.. wait, g is always the derivative of f! Is that random?!
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23 Definite integrals

Let f be a function defined over a closed interval [a, b] and suppose that f(z) > 0 for all = € [a, b].
Our goal is to define the area under the graph of f and above the z—axis between a and b, through

the following steps.
4 /X_/

e Y

a

1. Fix a positive integer n. Divide [a, b] into n equal sub-intervals by choosing points
a=z0< a1 <Ty << xpy =,

where z; =a—|—i(b_T">. So g = a, x, = b, and for every i = 1,...,n, we have

b—a

n

Ti— Ti-1 =

We denote this quantity, the equal length of all sub-intervals, by Az. So
b—a

Axr = and z; =a+iAz forall i=0,1,...,n.

2. On each subinterval [z;_1,z;], take the rectangle of height f(x;), which is the value of f at
the right endpoint. The area of that rectangle is f(z;)(z; — x;—1) = f(x;) Az. The sum of these
areas is called the right Riemann sum of f from a to b:

n
The right Riemann sum = Z f(zi) Ax.
i=1
3. The key observation is that the right Riemann sum is a good estimate of the area we would like
to compute. In fact, the more rectangles the better the estimate, so that as n — oo, the
Riemann sum converges to the area under the graph of f on [a, b]!
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We call this limit the definite integral of f from a to b, and denote it by f: f(x)dx.

/b f(x)dx = nlgl;ozn: flx;) Az
a i=1

b—a

where Az = and x; =a+tAx forall i=0,1,...,n.

We call a the lower limit, and we call b the upper limit, and we call f(x) the integrand.

Some remarks:

e We could instead choose f(z;—1), the value of f at the left endpoint of [z;_1,x;], to be the
height of the rectangle on top. That would yield the “left Riemann sum.” Indeed, we could
even choose f(z*) for any point z* € [x;_1, ;] to be the height of the rectangle on top. One
may show that all such Riemann sums converge to the same limit. So, in this course, we
always stick with the right Riemann sum.

e In general, if f(z) is sometimes negative over [a, ], then

b
/ f(x) dx = (area under f and above the z-axis) — (area above f and under the z-axis).
a

In other words, the definite integral actually represents the signed area under f from a to b.

e [t follows immediately from the geometric interpretation of signed area that:

/abf(x)dm _ /:f(x)dx—l—/cbf(x)d:v.

In particular, we have fab f(@)dx+ [ f(z)de = [ f(x)dx =0, and thus

/abf(x)da:: — /baf(a:)d:c.

4
Example. Use the definition of definite integral to evaluate / 23 da.
0

Solution. We have

4 n
/ 23 dr = lim E 3 Ax
0 n—00 4

=1
4— 4 4 4i
where Amzioz— and xi=0+z’<—>:i forall ¢=0,1,...,n.
n n n n
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So,
4 n n N 3 4 N
4 4 4
/ 23 de = lim 22 Az = lim —Z <Z> = lim — ) 3
0 .

n—00 n—oo n n n—oo n4
i=1 i=1 i=1

Recall that
Zis ~n?*(n+1)?

Thus,

0
647{7<1+j/+/‘2/>
Am2+2n+1 n

23dr = lim — - :limﬁ(n+n+):lim =64. N

n—oo n 4 n—00 n2 n—00 ﬁZ

/4 44 ’I’LQ(TL + 1)2
0

2

Example. Use the definition of definite integral to evaluate / (3+ 2z) dx.
~1

Solution. We have

2 n
34+ 2z)dr = lim 3+ 2x;) Ax
[ @20 i 36 22

where Aac:§ and xi:—l—i—% forall i=0,1,...,n.
n n

So,

n n

2 n . .
. .3 31 .3 67
/ (3+23:)d:v:nh_>rrolo'El(3+2xi)A:c—nh_>rgonE <3+2(—1+n>>—nh_>nolon§ <1+n>.
1=

—1 =1 i=1

Now, recall that > 7" | i = "(n;rl), and thus:

= 6i & 60— 6 = .
Z(1+n>=21+zn=Zl+nZz:n+3(n+1):4n+3.
=1 =1 =1 =1 =1
Therefore,
2 12n+9
/(3+2x)d:c: lim 5. (dn+3) = lim 22— 12 m
_1 n—oo N n—o00 n

2
Exercise. Use the definition of definite integral to evaluate / (x4 2+ 1) de.
0
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24 Antiderivatives and the Fundamental Theorem of Calculus

An antiderivative of a function f(x) is a function F(z) such that

4
For instance, - lsan antiderivative of 23, and — cosx is an antiderivative of sin z, because:

A
(4> =23 and (—cosz) =sinz.

What does this have to do with definite integrals?
Answer. Recall the definition of the definite integral of a function f from a to b:

/b f(x)dxe = nh_}n;oif(acz) Az
a i=1

b—a

where Ax = and x; =a+iAx forall i=0,1,...,n.

As we saw in a few examples, directly evaluating this limit is often painfully difficult (and for some
integrands almost impossible — try evaluating ff Va dx using only Riemann sums before reading
further!).

Luckily, there is a remarkable theorem that helps work around this issue:

Fundamental Theorem of Calculus (Part 1). Let f(x) be continuous on |[a,b], and
let F(x) be any antiderivative of f, meaning F'(x) = f(x). Then

b
[f@de= F@h = F®) - F.
a ~—
Notation for F(b)—F(a)

We will not prove this theorem, but the intuition is the following: Recall that for y = F(x), the
differential relation gives
dy = F'(x) dx.

Since F'(z) = f(x), we have dy = f(z) dz. In particular,

/abf(a:)dh/:dy,

which represents the “sum of all the tiny changes in F(z) as x moves from a to b.” But this
accumulated change should ultimately be exactly the net change in the value of F' between z = a
and x = b, that is F'(b) — F(a)!

Now, let’s take a look back at two previous examples.

4
Example. Use FTC1 to compute / 23 da.
0
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Solution. An antiderivative of f(x) = 23 is F(z) = %. So,

4 474 4 4
/x?’dx:{x] :4——0—:64. [ |
0 4 0 4 4

2

Example. Use FTC1 to compute / (34 2x) dz.
-1

Solution. An antiderivative of f(r) =3+ 2z is F(x) = 3z + 2% So

/21(3+2x) de = [3z+ x2]2_1 = (3(2)+2%)=(3(=1)+(-1)*) = (6+4)—(—-3+1) = 10—(-2)=12. W

In light of FTC1, it is clear that antiderivatives make our lives much easier when computing definite
integrals. But do we always have this privilege? Specifically:
Does every continuous function even have an antiderivative?

Yes! And this comes from the second part of the Fundamental Theorem.

Given a function f, consider a definite integral made in the following way:
1. The integrand is f.
2. The lower limit is some fixed number a.
3. The upper limit is a variable; call it « .

Since the upper limit is now x, to avoid confusion we write f as a function of something else, let’s
say t. So we are thinking about
xr
/ f@t)dt.
a

This definite integral is itself a function of .

Here is the catch:

The second part of the Fundamental Theorem says that this function is an antiderivative of f.

Fundamental Theorem of Calculus (Part 2). Let f be a continuous function. Fix

a € R and define .
F(x) = / f(t)dt.
N

Function of =

Then F' is an antiderivative of f; that is,

In other words,

Function of =
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Examples

T
Example. Compute d/ 3 dt.
dx 1

Solution. Note that % is an antiderivative of 3. So, using FTC1,
T t4 x 4 1
/ Bdt=|=| = - -,
1 4], 4 4

d [* 4 d (z* 1 3
— | Bdt=—=—->) =2
dw/l dx<4 4> v

Alternatively, using FTC2, the answer is immediate:

d xT
/ Bdt =23 N
d.’l? 1

and differentiating gives

Example. Compute dd/ Sin(cos(ecos(sin(t)))) dt.
T J-1

Solution. Nobody knows an antiderivative of sin(cos(ecos(sm(t)))), and so FTC1 is useless here!
But FTC2 gives:

T

df Sin(cos(ecos(sin(t)))) dt = Sin(cos(ecos(sin(a:))))‘.
T J-1

l—cosz

Example. Compute di V1—(1—1t)2dt.

T Jo

Solution. This is a composition. Define

Fz) = /2 V= =12t

Then

l—coszx

V1—(1—-1t)2dt=F(1—cosz).

2

And so by the chain rule:
d 1—cosx
— V1= (1—t)2dt=(1-cosx) - F'(1 —cosx) =sinz- F'(1 — cosz).

dZQ

On the other hand, by FTC2,

Fl(z) = ddx/;‘/l — (A —0%dt=+/1- (1—a)2

Therefore,

d l—cosz

— V1—(1—t)2dt =sinz-+/1—(1—(1—cosxz))? =sinz|sinz]. MW

d.’IJQ

In general, using the same proof, we can show that:
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If g is differentiable and f is continuous, then

d (9@

dz J,

f@t)dt = g'(2) f(g(x))-

sin x

Example. Compute — et’ dt.
d‘/L‘ cos T

Solution. We can “break” the definite integral at 0 (or any other number):
sinx ) sinx 9 0 5 sinx ) cosx
/ e’ dt:/ e’ dt—l—/ et dt:/ e’ dt—/ e’ dt.
cos T 0 coszx 0 0
z 2
F(x) —/ et dt.
0

sinx 9 sinx ) cosx
/ et dt:/ el dt—/ e dt = F(sinx) — F(cos ).
c 0 0

OS T

Now, let

Then

Thus, by the chain rule:
d sin x

dzx

e’ dt = (sinz) - F'(sinx) — (cosx)' - F'(cosz) = cosx - F'(sinz) + sina - F'(cos x).

Cos T

On the other hand, by FTC2, we have

Therefore,
d sinz

dr

2

2 2. .
e dt = e Teosx + € Tsing. A

Cos T

In general, using the same proof, we can show that:

If g and h are differentiable and f is continuous, then

()
% /hj : ft)dt = g'(x) f(g(x)) — b (x) f (h(x)).

A summary:
e An antiderivative is the inverse of the derivative.

e FTC1 tells us that definite integrals can be evaluated using antiderivatives: If F'(z) is an
antiderivative of f(z), then



e FTC2 tells us that every continuous function f has an antiderivative F', as follows:

x

Fla) = / (1) dt.
0
Sometimes this antiderivative is easy to find. For f(z) = 23, by FTC1, we have

x o L
Flr)= [ tPdt="——="=
(@) /0 TR

as it should!

Sometimes it is impossible to express the antiderivative in elementary terms. For example,
f(z) =sin(1) does have an antiderivative (by FTC2), but this antiderivative has no elemen-
tary closed form.

Sometimes an antiderivative exists and can be found, but requires nontrivial techniques. Next,
we will learn methods that allow us to find pretty complicated antiderivatives; for instance,

that of
1

sinx + coszx’

fz) =

which looks hopeless at first!
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25 Integration techniques
Recall that FTC1 allows us to use antiderivatives to evaluate definite integrals, and FTC2 tells us
that antiderivatives always exist. But how can we find an antiderivative of a given function f(z)?

First, notice that we keep saying an antiderivative. But why? Are there many?

Yes — For example, the following are all antiderivatives of f(x) = z*:

In fact, one can prove that:

Theorem. If F(x) is an antiderivative of f(x), then every antiderivative of f is of the form F'(z)+C
for some constant C.

The collection of all antiderivatives of f(x) is called the indefinite integral of f, and is denoted by

/f (x)+C.

From here on, we are going to learn several techniques to find indefinite integrals; that is, to find
an antiderivative of a function f, and then put a “+C'” next to it to declare that “we have found
all possible antiderivatives of the function f.”

25.1 Basic properties and familiar antiderivatives

Here is a good set of tools to get us started:

. /(f(x)j:g(:r))d:v:/f(x)dxj:/g(:c)dx.

/kf(a;) dx = k/f(a;) dx, where k is a constant.

n+1
1+C’ when n # —1.

The power rule for integrals: / 2" dx = n
n

1
What if n = —1?7 Then: /dx:lnm| +C.

Note. We are putting |z| instead of because is defined everywhere, but In x is only defined
where > 0. This is our workaround to extend In to be defined everywhere (except at zero).

Some integrals using trigonometric functions and their inverses:

/sinxd:c:cos:c+C, /cosxd:c:sin:v+C,

/sec2xd:c:tan:1;+C, /secx tanxz dr = secx + C,

“tz 40,

1 1
/de:tan_lx—i—c, /md:rzsm

+C (for a > 0,a #1).

e Exponentials: / e“dr=e*+C and / a® dx =
In(a)

71



Example. Compute each of the following definite or indefinite integrals.

(a) /(13366 — ) dx

1327 #?
Solution. / (13x6 —x) do = Tx — % +C. 1
(b) /(ﬂ'x — 2™ — cosx) dz.
e x7r+1
Solution. / (7* —a™ —cosx) dx = - —sinz+C. B
Inm 7w+1

(c) /(f—e/a?—i-@) dx
Solution. We have

/(f—@—i— @) d$:/(x1/2—x2/3+1‘3/4> dx:§x3/2—gx5/3+$x7/4+0. |

@ [ - vy

Solution. We have

1+ 22

(@l/l_&ﬁdm

Solution. We have

1— 322 4 —3(1 + 22 4
de: &dl‘: 7—3 d$:4tan_1x—333+0. .
14 2 14+ 22 14 22

YE-5VE
TaE

Solution. We have

1/2
5\F / o dr = / (:c*4/5 - 5x*1> dx = ?mlﬁ —5In|z|+ C.

23/2

(f)

(g) /(239& - 32I) dz.

Solution. We have
23:0 321‘ e — 23x 32x o
/K S dr = s s T
Notice how 3 and 2 are incorporated so that when we take the derivative of the right hand
side, things cancel out together and we get to the left hand side! (More on this when we
introduce substitution.) H
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(h) /sin2xd:n.

1-— 2
Solution. Recall that sin?z = # 0,
1 1 1 r sin2x
/sm xdx 2/(1 cos 2x) dx 2(;17 5 siu x)—i—C 5 1 +C
Again, notice how 2 comes to play. B
2
(i) / |3z — 4| dx.
-2
3v—4, x>4
Solution. Note that |3z — 4| = TS Te 2" . So break the integral at 3
4—-3z, z<3.
2 4/3 2
/ |3:U—4\dx:/ (4—3:6)(11‘—1—/ 3z —4)dx.
—2 — 4/3
A B
322 322
Now, [ (4—3x)dx = 4x— - +Cyand [ (3z—4)dx = 3 —4x + Cy. Therefore, by FTCI,
we have
3(4/3)* 3(—2)? 16 8 50
A= 4(4/3)—M+% —4(-2) — (=2) +A)=(w—-35)—(-8-6)=—.
2 2 3 3 3
and
3(2)2 3(4/3)? 8 16 2
B = L—4(2)4—9’5 — M—4(4/3)+Q{ =6-8)—-(-——=]==.
2 2 3 3 3
2 52
Hence, / |3z —4|de = A+ B = 3 [ ]
—2

Note. We could have ignored C7 and Cs. In general, when an indefinite integral is to be used
(as in FTC1) for evaluating a definite integral, we can ignore the “4+C'” thingy.

3 -z
() [ fa)do, where f(z) - {1 -

3
Solution. Breaking the integral at 1, we obtain / flx)dx = /
-1

Now,

ignoring C and Cs, we have:

and

2 =T
(z°—1)dx = 3 x+ Cy and

x> 1,
r<1.

1 3
2 xr — X X .
(22 —1)d +/1(1 )d

A B

-1

2

(1—2)de=x— % + Csy. Therefore, by FTC1, and
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25.2 Substitution
This is essentially the reverse of the chain rule. We use it when:
e the integrand involves a composition of two functions, and
e the derivative of the inner function is also “kinda” there (e.g. up to a multiplicative factor).

In other words, the integrand has the form of “something around” ¢'(z) f(g(x)). In this case, we
apply the following steps:

1. Call the inner function v = g(x). Then differentiate with respect to z:

du _du
@—g(x)é dm_g’(w)'

d
2. Substitute g(z) with u and dx with Tu) For instance,
g'(x

[ @ita@)de= [ 1w du.
3. Integrate with respect to u, and finally substitute u = g(z) back.

For example, to evaluate /T(l — 2%)13 dz, notice that

e the integrand involves (1 — 22)!3, which is a composition (%) o (1 — 22); and
e the derivative of the inner function (1 — x?)" = —2z is also “kinda” there.

So following the above steps would be:

d d
1. Let u=1— 22. Then a_ —2x, so dxr = ——u.
dx 2x

d
2. Substitute (1 — 22) with v and dz with —Q—U:
x

1
/az(l — 2P de = /xul?" <<21u) = 2/u13du
x

3. Integrate with respect to u, and then put u = g(z) back in:

. 1 ; 1 1
1— 22)13 :_/ 13, _ 1 14 (] g4 .
/x( %) dx 5 | U du 55U +C 28( )+ C

A few more examples:

Example. Evaluate the following integrals using substitution.
(a) /933 V2z4 — 9dz.
Solution. Let u = 2z* — 9. Then dz = du/(8z%). So,

- d 1 1
/x3\6/2334—9da::/$3u1/68;3:8/u1/6du:8-Su7/6+C:238(23:4—9)7/6+C. [
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x
b —d
(b) / VT—2z "
Solution. Let u = 1 — 2x. Then, dr = du/(—2). Also, we have x = 15%. Thus,

2
A N N I e MRS N ey u2) _ L2 25/2
/mdaﬂ— 1 \/adu— 4/(u du 1 +C

= —%\/1 — 2z + é(1 —22)*24+C. W

(c) /tan xdx.

i d
Solution. Note that tanz = smx. Let w = cosz. Then dxr = —— Y . So,
cos T sinz
sin x sinx du du
tanz dr = = == =— [ —=—Inju/+C=—In|cosz|+C. R
cos T U sinz U
(d) /Sec7xtanxdx.
d d
Solution. Let uw = secx. Then du = secztanx dzx, so dx = 4 = Y . So,

secxtanx utanx

7 7
/sec7xtanxdx:/u7tanx~ du :/uﬁdu:u+czsec $+C_ [}
utanzx 7 7

8
x
e ——dx
(©) / NI
. 3 du
Solution. Let uw =4 — x°. Then dx = el Thus,
x

a8 do — a8 du __1 a0 i
@z T ) s \322) T T3 ) wis

Also, note that 2° = (23)? = (4 — (4 — 23))? = (4 — uw)? = u*> — 8u + 16. So,

z® 1 [u?—8u+16 1 9
o, 4L fu—ou~riv., 1L /5 g, 4/5 —1/5
/ (4—x3)1/5 dr = 3/ YE du = 3/<u 8u™” + 16u )du

_ 15 s 40 g5 4/5
= 3(14u gu + 20u +C

_ ! (5(4 _ )5 %0(4 — )5 4 20(4 — m3)4/5> L0 m

0 [
o [
Solution. Let u = y/z. Then dx = 2\/x du = 2u du. So,

(2u du) /e“du:Ze“—i-C:Qeﬁ—i-C’. [ ]
[e= 5
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(g) /e lna:

Solution. Let u = Inx, so dx = xdu. Then

1 1 1
/nxdfc—/z-(mdu)z/udu:2u2+C:2(ln:ﬂ)2+C.

Therefore, by FTC1,

“ g 1 e 1 5
e = |ma)| =50-9=2. =
/62 v=g|ma)], =50-4=3
Note. Like we saw above, for evaluating definite integrals using substitution, it would be the
safest to first finish finding the antiderivative — that is, get to an answer in terms of x —
and then apply FTC1 and the upper/lower limits.

Alternatively, you could apply FTC1 to the intermediate integral in terms of u, but in order
to do that, you must figure the upper/lower limits for u right away using u=g(z)
and keep everything in terms of w.

2 3

For instance, here, we have uw = Inx. So, when x = e, we have u = 2, and when x = e°, we

have u = 3. Hence,
/e lnxd /3 d 1[ 2}3 1(9 4) 5
—dzr = udu=—-|u’| ==(9-4)=-.
2 T 9 2 2 2 2

(Though I still recommend taking the first approach!)

(h) /0 * sin?(2) dar.

3

Solution. By the double-angle identity, sin®(2z) = 8sin®zcos’z. Let u = sinz. Then

d
du = cosx dx, so dr = Y so
cos
.3 3 e du
sin®(2z)dz =8 [ sin®zcos® vdz =8 [ udcos®z - =8 [ udcos’z du
Ccos T v

1—u?

ut uS

4
:8/(u3—u5)du:8<4—6)+C:281n4x—3sin6x+0

B 17 1 4
/0281n3(2:1;)da;:2/0 sin3udu:§.§:

[SURIN )

Therefore, by FTC1,

us

4 oy
/2 sin3(2m)d:ﬁ: [2sin41:—fsin6x} —2- "= nm
0 3 0
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Here is a more challenging example (a bit beyond the scope of this course).

dx
Example. Evaluate / — using substitution.
sSiInx + cosx

Solution. Multiply the numerator and denominator by (cosx — sinx):

dx cosx — sinzx cosx —sinzx CcosS T sinzx
; = —5 dr= | ————dex = | ———doe— | ———dz
sinx + cos T cos? z — sin” x cos(2z) cos(2z) cos(2x)

~~

A B

Now, we evaluate A and B separately, using the double-angle identity cos(2z) = 1 — 2sin?z =
2cos’x — 1.

e For A, we have
cosx cosx
A= | 228 o= [ 2T g
/cos(2x) v /1—2511123: v

, and so

du
Let w =sinz. Then dx =
CcoS X

A / cosx d / cosx du / du
— —_———adxr = - . e -
1—2sinz 1—2u?2 coszx 1—2u2

Note also that

11 Lo 1 1 V2 V2
1—2U2_2<1+\@u 1—\/§u>_2ﬂ 1+v2u 1—v2u /)

du 1 V2 -2
A_/1—2u2_2\/§/<1+ﬂu_1—\/§u>du

1 V2du _ —V2du
NG 14+ v2u 1—v2u
1

== (In(]1 + v2ul) ~ In(]1 = V2u)) ) + €

2v/2

1 1+V2u

—mln<1_\/§u>+0
)+o

1 | 14++v2sinx
= —— n —
2v/2 1—\/§sinx
sinx —sinz
B=|| ——de=[ ———dx.
/cos(Z:c) v /1—2605295 v
du

sin x
B:/ —sinx dx:/—sinx o du :/ du '
1—2cos?zx 1—2u2 sinx 1—2u?

7

Thus,

e For B, we have

Let u = cosz. Then dz = — , and so




1++2u
1—ﬂu

. : . du 1
But we just saw in the previous case that = In
1—2u? 22

The difference is that this time, we have u = cosz. So,
) e

(1++v2sinz)(1 — v/2cos )
(1 —+/2sinz)(1 4 v2cos )

) e

1—|—\/§cosx
1 —\/icosx

1
B= 1
2ﬂn<

Now that both A and B are evaluated, we obtain:

/, L dr=A—-B= L 111( )-FG n
sinx + cosx 2v/2

Exercise. If you're curious, simplify the final answer of the previous example to show that:

/Wda::\}iln(‘tan<§+g)‘)+a

25.3 Integration by parts

If u and v are both functions of x, then

/udv:uv—/vdu.

Why? Because of the product formula for the derivative. Recall that:

d(uv) dv N du
de  dx dz

So if we integrate both sides with respect to x, we get
d(uv) dv du
df—/udf+ vdfﬁ/duv —/udv+/vdu:>/udv—uv—/vdu.\/
| i i ()
—

Now, what is Integration By Parts (IBP) good for? It helps with:

e Trading an integral, namely / udv, with another integral, namely / vdu, in hope for the

latter to be simpler!

e Integrating the product of functions: In passing from / u dv to / v du, one function, namely

u, gets differentiated to du; the other function, namely dv, gets integrated to v.

/xsin:cdx;

For example, to evaluate

we have two choices: (1) Taking u = sinz and dv = zdx, or (2) u = z and dv = sinxz dz. But in
choice (1), u — the function that will be differentiated to cosx — does not actually become simpler
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(cos is as complex a thing as sin!). So let’s pick u to be the function that, when differentiated,
it actually gets simplified.

integrate

differentiate .
————— du =dx dv =sinxdxr ——— v = —CcOST

uUu==

. IBP
/:I?Slnxdx:/udv

In general, there is this LIATE rule that often helps: Take u to be the first type of function on the
list below that appears in the integrand:

uv/vdu:x(cosm)/(cosx)da::xcosx+sinaz+C’./

1. Logarithmic (like In).

2. Inverse trigonometric.

3. Algebraic (like polynomials).
4. Trigonometric.

5. Exponential (like e*).

And let dv be everything else.

One last thing: We can also use IBP to evaluate definite integrals:

b b
/ udv = [uv]? —/ v du.
a ~—~— a
u(b)v(b)—u(a)v(a)

Example. Evaluate the following integrals.

(a) / Inz dz.

Solution. Let u = Inz and dv = dx. Then
1

du = —dz, v =1
z

So,

/ln:vdx:/udv IBP
Inx

Solution. Let u = Inz and dv = 719 dz. Then

uv/vdu:xlnx/ldx:xlnxerC. [ |

1 -9
du = — dx, U:L:—i.
T -9 9x9
So,
Inz IBP Inx 1 1 Inz 1 ~10
/xlod:ﬁ:/udv uv—/vdu:—gxg—/(—W>xd$:—w+9/x dx
Inz 1
=—— - . N
979  81x9 ¢
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(c) /ﬁdm.

Solution. Let u = 23 and dv = e * dx. Then

du = 322 dx, v=—e .

/x?’e_x dx = /udv IBP uv/vdu = x3e_m+/3m2e_x dzr .
—_—

A

So,

Apply integration by parts again to evaluate A. Let u = 322 and dv = e~* dz. Then

du = b6x dx, v=—e .
So,
A= /3I2€x dr = /udv IBP uv—/vdu: —3$2€w+/6$6x dz .
B

Apply integration by parts again to evaluate B. Let u = 6x and dv = e~* dx. Then
du = 6dz, v=—e ",

So,

B = /6336_3” dr = /udv BP w— /vdu = —6ze " + /66_96 dr = —6ze * —6e " + C.

Hence,
/xgex de = —2%e™ — 322 —6ze > —6e*+C. W

(d) / sin(22)e®*? da.

Solution. First we use the substitution w = cos z:
1

sin x

dw.

sin(2x) = 2sinx cos x, dr = —

Then

1
/sin(Qx)ew”dx: /2sinxcosxecowdm = /QSinx-w- (— - dw> = —Q/wew dw.
sinz

Now we evaluate / we" dw using IBP. Let © = w and dv = ¢¥ dw. Then

du = dw, v=-e".

So,

/wewdw:/udv il uv—/vdu:wew—/ewdw:wew—ew—l—C:ew(w—l)—l—C.

Hence,

/Sin(?x)ecosx de = —2e"(w—1)+C =2e“*"(1—cosz) +C. W
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(e) /arctanazd:c.

Solution. Let v = arctanxz and dv = dz. Then

_ 1
1422

/arctanxdx:/udv IBP uv/vduzq:arctanx/xdx.
1+ 22

d
For / v dx, we use the substitution w = 1 + 2. So dz = —w, and:
1+ 22 2x

du

dzx, v=.

Then

T r dw 1 1 1 1
dr= | = . === | Zdw==1 C=-In(1+2z%+C.
/1+x2m w22 2/ww plnjwl+¢ =gl +a7) +

Therefore,

1
/arctana:dx = rarctanz — 3 In(l1+2%)+C. W

€3] /ex cosz dz.

Solution. Let I = / e” cosx dx. Here is our first round of IBP:

U = cosz, dv=¢e"dx = du=—sinxzdzr, v=_c".

IBP .
I:/excosmdx:/udv uv—/vdu:excosx—i—/ezsmxdm.
—_—

Then

J
To evaluate .J, we do a second round of IBP:
u = sinx, dv=e"dx = du=coszdr, v=e",
So,
oo IBP o "
J= [ e'sinzxdr= [ udv w — [ vdu=e"sinx — [ e’ cosxdx.
| S —
1, again!
Hence,

X
I=¢"cosx+J=¢€"cosx+€e*sine —1 = I:%(sinx—i—cosx)—l—a [ |

(g) /cos(lna:) dx.

Solution. Let t = Inz. Then z = e and dx = e’ dt. So,

/cos(lnx) dx = /et cos(t) dt.
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We also showed in (e) that

t

/et cos(t) dt = %(sint + cost) + C.

Returning to ¢ = In x, we obtain:

/cos(ln x)dx = §<sin(lnx) — cos(In x)) +C.

(h) /11(1n x)? dx.

Let u = (Inz)? and dv = dz. Then

So,

e

1 1 5P 1 1 1
/1(lnx)2dx:ﬁ udv [uv]ll—/1 vdu = [:U(ln:n)ﬂl —2/1 Inxdz.

We also saw in (a) that

/lnazd:v::L‘ln:L‘—a?.

Thus,

/;(lnx)2dx: [ac(lnx)QE _Q{xlnx—xn = <0_ i) _9 (_1_ i) _94 S

In particular, we have shown that:

/(lnx)de =z(nz)? —2zlnz+22+C. A
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26 Average value and area between two curves

26.1 Average value of a function
Recall that the average of finitely many numbers y1, ..., yy, is

it

Yavg = n

Similarly, for a continuous function f on [a,b], the average value of f on [a,b] is defined as

1 b
favg:ba/a f(z) dx.

Example. Find the average value of f(z) =1 — zv/z on [1,4].
Solution. We have

1

4 4
foe o 4_1/1 (1 — o) de = é [m _ §x5/2]1 — %((4 —(64/5)) — (3/5)) = —g. [ |

Example. The temperature throughout a day is modeled by T'(t) = 1 — cos(g—i), in °C, where t is
the time in hours since midnight. Find the average temperature from midnight to noon.

Solution. We want the average of T" on [0, 12]:

1 12

Tt 1 12 12 Tt
Tove = — (1—Cos(>>dt—|:/ 1dt—/ COS()dt:|.
12 Sy 24 12 1/, 0 24

Now,
12
/ Ldt = [t])? = 12
0
/12 (”)dt 24 ,<m) 120 9y
COS| — = — [sIin|{ — = —
0 24 T 247 1, T
Thus ) 04 )
Towe=—(12-2")=1-2. n
ave 12< 7r> 7r

26.2 Area between curves

Suppose on [a,b] we have two functions Yupper() and Yiower(z) such that yupper() > Yiower(z) for
all = € [a,b]. Then the area between their graphs from x = a to z = b is

b
/ (Yupper (T) — Yiower () da.

Note that the area under a single curve y = f(z) above the z-axis is the special case Yupper(z) = f(2)

and Yiower () = 0:
b
[ fa)as
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which is what we already knew!

Given two functions y;(x) and ya(z), in order to find the area enclosed between their graphs on an
interval [a, b], we need to figure which graph is the upper and which one is the lower. To that end:

A
1. Find all the solutions to y;(z) = y2(z) inside [a, b].

Yupper Yupper
2. For each interval between two consecutive solutions
(or the ends a,b), pick a point ¢ inside that interval — E
and compare y;(c) and y2(c). The larger one is the

upper graph in that interval (and the smaller one is
the lower graph in that interval).

Ylower !
1
1

v

1
1
I
a b

Example. Find the area enclosed between y = 42 and y = 2 from z = 1 to x = 3.

Solution. First, we need to figure the upper and the lower graphs.
dp =28 = =-2,0,2.
The only solution in [1, 3] is = 2. So there are two intervals to check:

, 27

e=3€[1,2] 3
[1,2] ——— 4¢c¢=6, = 3 = 4x : upper, z°: lower
=5€[23 125
2, 3] 62—€[]> 4e=10, = 5 = 4z : lower, z°: upper

Thus, the area is

2 3 472 4 3
7 9 17
4o —23) d 3 _dx)de= |22 - L T 9?2 = (41" “+4)l=—. =
/1(x x)a:+/2(x x)x [aj 41—}—4 x2 4+4—|— 5

Example. Find the total area enclosed between y = sinz and y = cosx from z =0 to z = .

Solution. First, we need to figure the upper and the lower graphs.

. z€[0,m] T
sinx =cosx —— ¢ = 1
So there are two intervals to check:
o =507 1 ,
[0, %] ———— sinc = 5 Gosc= - = cosx : upper, sinz: lower
sze[gﬂr]

[%,77] —————sinc=1, cosc=0=cosx: lower, sinz: upper

Thus,

g
Area:/ (cosx—sin:z:) dm+/
0

™ s

(sinx—cosx) dr = [Sinx—I—cosx} + [—cos:c—sina:]

4

(=N

el

:(\/5_1)+(1+\/§>:2\/§. u
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We may be asked to find the area enclosed between a left curve and a right curve, where y is in the
interval [c,d]. In this case, we think of x as a function of y. So we call that left curve e (y)
and right curve Zyight(y). Then, the area is

d
/ (right () — et (v)) dy.

Note that the integration is with respect to y.

Similar to the vertical case, given two functions x;(y) and x2(y), in order to find the area enclosed
between their graphs on an interval [c, d], we need to figure which graph is the right one and which
one is the left one. To that end:

1. Find all the solutions to z1(y) = z2(y) inside [c, d].

2. For each interval between two consecutive solutions (or the ends ¢, d), pick a point a inside
that interval and compare z1(a) and x2(a). The larger one is the right graph in that interval
(and the smaller one is the left graph in that interval).

Example. Find the area enclosed between the curves

z=1vy> and z=2—y

for y € [0, 2].
Solution. First, we need to figure the right and the left graphs.

P =2—y y€(0,2] y=1.

So there are two intervals to check:

a=21€[0,1] 9

0,1] ———=a 2

3
, 2—a:§:>2—y:right, ye o left

1
4
a=3¢[1,2] 9
[1,2] : »a® = 1

1
, 2—a:§:>2—y: left, y?: right
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27 Volume

We can use integrals to compute volumes of the 3-dimensional solids obtained by rotating a region
in the plane around an axis.
There are three main methods:

e the disk method;
e the washer method;
e the cylindrical shell method.

The first two methods follow from the same idea: Slice the solid into infinitely many thin cross-
sections, which will be either disks or washers, compute the area of each slice, and add all the areas
up using an integral to obtain the volume.

The third method is a bit different: Split the solid into infinitely many thin cylindrical shells by
“peeling off the shells layer by layer”, compute the surface area of each shell, and add all the areas
up using an integral to obtain the volume.

27.1 Disks

Consider the region R below the graph of a function f(z), above the z-axis, and between x = a
and x = b. Rotate R around the z-axis. This yields a solid and the cross-sections of the solid
perpendicular to the z-axis are disks.

At a point € [a, b], the radius of the disk is f(z), so the area is A(x) = 7(f(x))?. Adding all these
areas up by an integral gives

V= /abA(x) do = /abw(f(x))zdw.

For rotation around the y-axis (or any other vertical line), we take the analogous steps, only this
time we think of x as a function of y, and in particular, we integrate with respect to y.

Example. Let R be the region between y = y/z and the z-axis on [0,3]. Find the volume of the
solid obtained by rotating R about the z-axis.

Solution. The radius of the disk on the slice at z
is v/z. Thus,

v

o
_
7
Ve
/7
/
/
=
[JV)

1
Example. Prove that the volume of a cone of height h and radius r is gm’zh.
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Solution. Let R be the region between y = 1x
and the z-axis on [0, h]. Then the solid obtained
by rotating R about the z-axis is a cone of height r
h and radius r. The radius of the disk on the slice
at z is zo. Thus, l

<
Il
c\
>
N
—
o
&
~
(3]

o8
=
Il
%

[\&]
o
&
o

IS8
8

==

(—————————:»——————————
\

4
Example. Prove that the volume of a sphere of radius r is §7r'r3.

Solution. Let R be the region between y =
Vr? — 22 and the z-axis on [—r,r]. Then the
solid obtained by rotating R about the z-axis is a
sphere of radius r. The radius of the disk on the

slice at = is V72 — 22. Thus,
. 2 - ;U:)’ r .’AZ 7‘,[;2
V= / s ( r2 — x2) de = 7T/ (r?—z¥)dx =7 [er - } [z T
4

27.2 Washers

Consider the region R between the graphs of two functions yupper(z) and yjower(z) between x = a
and x = b. Rotate R around the z-axis. This yields a solid and the cross-sections of the solid
perpendicular to the z-axis are washers.

At a point € [a,b], the outer radius of the washer is yupper(«) and the inner radius of the washer
1S Yiower (). So the area is A(z) = 7r(yupper(9c))2 — T(Ylower (z))?. Adding all these areas up by an
integral gives

b b
V = / A(l‘) dr = / m ((yupper($))2 - (ylower(x))Q) d.

Note that we may need to figure out which graph is actually the upper or the lower, as we did for
computing the area between the two graphs.

For rotation around the y-axis (or any other vertical line), we take the analogous steps, only this
time we think of x as a function of y, and in particular, we integrate with respect to y.
Again, we may need to figure out which graph is actually the right or the left one, as we did for
computing the area between the two graphs.

Example. Let R be the region between the graphs of y = 22 and y = y/z. Find the volume of the
solid obtained by rotating R around the z-axis.
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Solution. Note that R is enclosed by x = 0 and
x = 1, and in the interval [0, 1], it is easily seen
that v/z has the upper graph and 22 has the lower
graph. Thus,

= 17T .%'2—11322 X =T 1$—$4 X
V= [ n (AR - @) de = [ (o -at)a

2 511 \\ \
=7 xi_xi :?)I_ [ ] "‘\_\
2 5], 10

Example. Let R be the region between the graphs y = 2z and y = % Set up the integral that
gives the volume of the solid obtained by rotating R around:

(a) The z-axis.

Solution. Note that R is enclosed by x = 0 and
x = 4, and in the interval [0, 4], it is easily seen
that y = 22 has the upper graph and % has the
lower graph. Thus,

V= /047r ((2@2 — (f)Q) dz. W

(b) y = -2

Solution. Since y = —2 is below both graphs, the
outer radius of the washer is 2z — (—2) = 2z + 2
and the inner radius of the washer is % —(-2) =
%2 + 2. Thus,

4 .%'2 2 '\::\
V:/W (2x+2)2—<2+2> . m
0 \

(c) y=10.
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Solution. Since y = 10 is above both graphs, the

2 \
outer radius of the washer is 10 — % and the inner N
radius of the washer is 10 — 2. Thus,

4 22\ 2 i
V:/ ™ <10—2> — (10— 22)* | dz. W L D2
A ,

(d) The y-axis.
Solution. Since the rotation is around a vertical
line, we view z as a function of y:

e The right function is = /2y and the left
one is x = ¥;

e R is enclosed between the two graphs for
y €[0,8].

Since the y-axis is to the left of both graphs, the
outer radius of the washer is 4/2y, and the inner
radius is §. Thus,

v (V) )) o

A summary of the disk and the washer method:

e Disk: V = /Tr(radius of the disk)?.

e Washer: V = / 7 ((outer radius of the washer)? — (inner radius of the washer)?).

e Rotation around a horizontal line: Express as functions of & and integrate w.r.t. x.

e Rotation around a vertical line: Express as functions of y and integrate w.r.t. y.

27.3 Cylindrical shells

Consider the region R in the plane and rotate R around a horizontal or vertical line. This yields a
solid, and in order to compute its volume, this time we split it into cylindrical shells that revolve
around the axis of rotation. The surface area of such a shell of height h and radius r is A = 27rh.
Adding all these areas up by an integral gives

V:/A:/27T7’h.
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This method can be used for horizontal and vertical rotations and for rotating the region between
the graphs of two functions. For each problem, we need to determine how r and h are functions of
x or y, and then integrate with respect to x or y correspondingly.

Example. Let R be the region between the graph of y = % and the z-axis for x € [1,5]. Find the
volume of the solid obtained by rotating R around the y-axis.

Solution. Here, the radius of the shell is r = x,
the height of the shell is h = %, and x runs from
1 to 5. Thus,

5 1 5
V:/ 2 (ac) dx:27r/ dr =2 [z]° = 8. W
1 1

Example. Let R be the region between the graph of y = sinx and the z-axis for x € [0,7]. Using
cylindrical shells, set up an integral that evaluates the volume of the solid obtained by rotating R

around the y-axis.

Solution. Here, the radius of the shell is r = x,
the height of the shell is A = sinz, and x runs
from 0 to w. Thus,

sinz

™ S ___\‘
V = / 2rrsinzdr. N = =t
0

T

Example. Let R be the region between the graphs of y = % and y = \/x. Using cylindrical shells,
set up an integral that evaluates the volume of the solid obtained by rotating R around:

(a) The y-axis.
Solution. Note that R is enclosed by = 0 and 2 = 9 (roots of § = \/z), and in the interval
[0,9], it is easily seen that y = \/z has the upper graph and y = § has the lower graph. It
follows that here, the radius of the shell is 7 = z, the height of the shell is h = \/z — 5, and =

runs from 0 to 9. Thus,
x

V:/O927rx(f—3)daj. |

(b) z=-2.

Solution. Since z = —2 is to the left of both graphs, here, the radius of the shell is r =
r — (—2) = = + 2, the height of the shell is h = \/z — %, and 2 runs from 0 to 9. Thus,

vz/ogzn(x+2)(f—§)dx. n

(c) =z =10.
Solution. Since x = 10 is to the right of both graphs, here, the radius of the shell is r = 10—z,
the height of the shell is h = /z — £, and  runs from 0 to 9. Thus,

V:/O927r(10—a¢)<f—>d:c. n
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(d) The z-axis.

Solution. Since the rotation is around a horizontal line, we view x as a function of y:

e The upper graph belongs to z = y? and the lower graph belongs to = = 3y;
e R is enclosed between the two graphs for y € [0, 3].

Since the x-axis is below both graphs, here, the radius of the shell is r = y, the height of the
shell is h = 3y — 2, and y runs from 0 to 3. Thus,

3
V:/ 27ry(3y—y2)dy. |
0

A summary of the cylindrical shell method:

° V:/A:/27rrh.

e Rotation around a horizontal line: Express as functions of y and integrate w.r.t. y.

e Rotation around a vertical line: Express as functions of & and integrate w.r.t. x.
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28 Work

Suppose a constant force F' is applied to an object and moves it from x = a to x = b. In this case
the work done on the object is

Work = Force x Distance = F' x (b — a).
But what if the force is not constant, and instead depends on the position z? For instance, imagine

lifting a leaking bucket: as water leaks out, the weight decreases, so does the force required.

If the force, as a function of position, is F'(z), then the work done from position = a to position
xr=bis:

b
Work = / F(z)dz.
a
Example. An 8 m chain of mass 32 kg with constant density hangs from the top of a building. How
much work is required to lift the entire chain to the top? (Acceleration due to gravity is 10m/ 82.)

Solution. The chain has constant density %2 = 4 kg/m. So after lifting = meters, the remaining
(8 — ) meters hanging have mass
M(z) =4(8 — x) kg.

Hence, the force needed at that moment is

Thus, the total work is

8 278
W:/ 40(8 — ) dx = 40 [833—952] —40(64—32)=1280J. W
0 0

Example. Rapunzel’s hair has constant density 4 kg/m and hangs 200 m down her tower. Set
up the integrals that evaluate the work in each of the following cases. (Again, acceleration due to
gravity is 10m/s?.)

(a) Lifting the hair all the way up.

Solution. After lifting x meters, the remaining 200 — x meters of hair have mass
M(z) = 4(200 — z) kg.

Thus, the force required is
F(z) =40(200 — z);

and the work is 900
W = / 40(200 — z)dx. N
0

(b) Lifting the hair only halfway up.
Solution. Simply change the upper limit to 100:

100
W = / 40(200 — z)dx. N
0
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(c) Same as (a), but a 5 kg Uber Eats order is tied to the end.

Solution. After lifting & meters, the remaining 200 — z meters of hair, along with the food
order, have mass

M (z) = 4(200 — ) + 5 = 805 — 4z kg.

Thus, the force required is
F(xz) =10(805 — 4x);

and the work is

200
W = / 10(805 — 4x) dz. W
0

(d) Same as (c), but the food order falls off after being lifted 115 m.

Solution. This is in two parts. For the first 115 meters, the setup is as in (c), and so the work
is

115
Wy = / 10(805 — 4z) d.
0

For the remaining 85 meters, with the food fallen off, the setup is as in (a), and so the work
is:

200
Wy = / 40(200 — z) dz.
115

Thus, the total work is:

115 200
W= / 10(805 — 4x) da + / 40(200 — z) dz. W
0 115

Example. A 50 m rope of density 2 kg/m hangs into a well. A bucket of mass 10 kg is attached,
initially containing 6 kg of water. But there is a leak of constant rate in the bucket, and when it
reaches the top, only 1 kg of water remains. Compute the work done lifting the bucket. (Assume
the acceleration due to gravity is 10 m/s?.)

Solution. Water lost: 6 — 1 = 5 kg over 50 m. Therefore, the leakage rate is % = %0 kg/m. It
follows that the water mass after lifting = meters is:

X
Mwater(x) =6— E kg

The remaining 50 — = meters of rope, of constant density 2 kg/m, has mass:
Miope(z) = 2(50 — x) = 100 — 2z kg.

Recall that the bucket itself has mass 10 kg. This means the total mass after lifting « meters is:
21
M(2) = Myager () + Myope(@) + 10 = 6 — 1% +100 - 22 +10 = 116 - T ke,
Thus, the force required is
21
F(x) =10 <116 - 101:) = 1160 — 21z;
and the total work is:

= 58000 — 26250 = 31750 J. M

21:52] 50

50
W:/ (1160 — 21z) dz = [1160:3—
0 0
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