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1 Working backwards

Sometimes, when a process is iterative and we want to understand its outcome at a given stage, it
is helpful to work backwards: start from a possible outcome and analyze how earlier stages could
have led to it. The following problems illustrate this approach.

Problem 1.

Andy and Mandy are walking down the street while Andy is carrying a bag of marbles. The
bottom of the bag splits and all the marbles spill out. A third of the marbles roll down the
slope too quickly to recover, and a sixth of the remaining marbles disappear into a rain-water
drain. Andy and Mandy pick up all they can, but half of the marbles that remain nearby are
picked up by other kids who run off. Andy gives a third of the rescued marbles to Mandy for
helping, and he is left with 10 marbles. How many marbles were in Andy’s bag before the
bottom split?

-

Solution. Let’s work backwards: Andy ends up with two-thirds of the rescued marbles, which is
10, so there were 15 rescued marbles in total. This is half of the marbles that survived the slope
and the drain (the other half were taken by the kids), so there were 30 marbles before the kids got
involved. These 30 marbles were five-sixths of the marbles that did not roll down the slope (the
other sixth disappeared into the drain), so there were 36 marbles before the drain incident. Finally,
these 36 marbles were two-thirds of the original total (the other third rolled down the slope), so
Andy started with 54 marbles before things went downhill. Bl

There are five numbers arranged around a circle: four 1’s and a 0. At each step, we replace
them with another set of five numbers as follows: Write 1 between every two adjacent equal
numbers, write 0 between every two adjacent distinct numbers; and then erase the original
numbers. If this process is iterated indefinitely, will we ever get all five numbers to be equal
to 17

J

Solution. The answer is “‘no.” Assume that we obtain five 1’s around the circle. Consider the first
time when this happens. Since 1’s are placed only between adjacent equal numbers, the previous
configuration must also have consisted of five equal numbers. So, this configuration must have been
five 0’s (because we just reached five 1’s for the first time). Going one step further back: since
0’s are placed only between adjacent distinct numbers, the configuration before five 0’s must have
alternated between 0 and 1. But this is impossible, as an alternating configuration requires an even
number of entries around the circle, whereas 5 is odd. W

Problem 3.

Let n € N. We create a partition (A4, B) of {1,...,n} by starting with A = B = @& and
placing the numbers one by one into either A or B. After each placement, we compare the
sums of the elements currently in A and B: if the sum of A is larger, we record “A”, and if
the sum of B is larger, we record “B”. This produces a string of length n over {A, B} (written
from left to right through the above process). Prove that for any given such string, there is
an order of placements that produces it.

-




Solution. This becomes much easier if we work backwards. Let S be an A-B string of length n.
First, partition {1,...,n} into two sets X1, X2, where one contains all even numbers and the other
all odd numbers. Assume without loss of generality that n € X;. Then the sum of X is larger
than that of Xy (why?). If the last (rightmost) letter of S is A, set (A4, B) = (X1, X»); otherwise
set (A, B) = (X2, X1). This is our final partition; and it matches the last recorded letter for S.
Now, scan through S letter by letter from right to left. At each step:

e If the letter changes, remove the largest number currently in A U B from whichever of A and
B it belongs to.

e If the letter stays the same, remove the smallest number currently in A U B from whichever
of A and B it belongs to.

Observe that the first operation flips the inequality of the sums, while the second preserves it (why?).
Finally, reverse the order in which we removed the numbers — this gives a sequence of insertions of
1,...,n in A, B that exactly produces S.

Here is a demonstration for n = 6 and S = ABBABA: Start with the partition {2,4,6} and {1, 3,5}
of {1,...,6}. Since 6 € {2,4,6} and the last letter of S is A, we take A = {2,4,6} and B = {1,3,5}.
Now, working backwards:

Step | Letter transition Operation Current A | Current B | Comparing sums
Initial - - {2,4,6} {1,3,5} A>B
6 B+ A remove 6 from A {2,4} {1,3,5} A< B
5 A+ B remove 5 from B {2,4} {1,3} A>B
4 B+ A remove 4 from A {2} {1,3} A<B
3 B+ B remove 1 from B {2} {3} A< B
2 A+ B remove 3 from B {2} ) A>B
1 - remove 2 from A 1%} 1%} A=B
So, reversing the operations yields:
2inA, 3inB, 1inB, 4inA, 5inB, 6in A.

Placing the numbers in this order produces the string ABBABA. B



2 Proof by contradiction

You know the deal: the goal is to prove that a set of assumptions implies a conclusion. We do this
by assuming the conclusion is false, adding this to our assumptions, and then using everything we
know to derive a contradiction. Sometimes the contradiction is a blatant falsehood like “0 > 1”.
Sometimes it shows that one of our assumptions must be false (which is more in the spirit of “proof
by contrapositive”). Here are some problems where this technique is particularly emphasized.

Problem 4.

Prove that among any three irrational numbers, there are two whose sum is also irrational.

Solution. Suppose not. Then there exist x,y,z € R\ Q such that z +y,z+ z,y + z € Q. But now
z=3((x+y)+ (x+2)— (y+2)) € Q, a contradiction. B

Problem 5.

Prove that there are no 20 consecutive positive integers whose sum is a perfect square.

Solution. Suppose not. Then for some m,n € N, we have m+(m+1)+(m-+2)+- - -+(m+20) = n2.
So, 12m + 210 = n?. It follows that n? is even, and thus n is even. Let k € N such that n = 2k.
Then 12m + 210 = 4k?, which implies that 6m — 2k? = 105. But 105 is odd, a contradiction. W

Problem 6.

Eleven officers and eleven criminals are sitting around a table. Prove that there exists a
person who is sitting next to two officers.

Solution. Suppose not. By a segment we mean a maximal group of people with the same profession,
sandwiched between two people of the other profession. Then each officer segment contains at most
two officers, and each criminal segment contains at least two criminals. Therefore, there are at least
6 officer segments around the table, and so at least 6 criminal segments in between them. But now
we have at least 2 x 6 = 12 criminals, a contradiction. B

Problem 7.

Let z1,...,2, € R3, for n € N, be at unit distance from the origin. Let M = %(l‘l +-Fxp).
Prove that there exists ¢ € {1,...,n} for which the distance between z; and M is at most 1.

Solution. Suppose not. Let S be the unit sphere centered at the origin, and let S” be the unit
sphere centered at M. Then z1,...,z, all lie on S, but outside S’. Note that by the triangle
inequality, the distance between M and the origin is at most 1. It follows that S and S’ intersect.
Let H be the plane passing through the circle S N S’. Then x1,...,x, all lie strictly on one side
of H, while M lies on the other side (or on H). Write the equation of H as a -z = ¢, where
a € R3 is nonzero and ¢ € R. Then we may assume that a - x; > ¢ for all i € {1,...,n}. But now
a-M=2(a x4+ +a z,) > 2(nc) = ¢, and so M also lies strictly on the same side of H as
the points x1,...,z,, a contradiction. l



Problem 8.

Let X be a set and let S be the set of all subsets of X. Prove that there is no surjective
function f: X — S.

Solution. Suppose for a contradiction that there is a surjective function f: X — S. Let
S={reX:z2¢ f(z)} CX.

Then S € S. By surjectivity, there exists s € X with f(s) =S. Now ask: iss€ Sors¢ S?7

Problem 9.

Prove that for every d € R and every partition (X,Y") of the interval [0, 1], either there exists
x € X such that z +d ¢ Y or there exists y € Y such that y —d ¢ X.

Solution. Suppose not. Then there exist d € R and a partition (X,Y") of [0, 1] such that:
o for every x € X, we have x +d € Y; and
e for every y € Y, we have y —d € X.

Since X NY = @, it follows that d # 0. Also, by swapping the roles of X and Y if needed, we may
assume that d > 0.

By the above two bullets, z — x + d is a surjection from X to Y, and it is clearly injective as well.
Thus, z — = + d is a bijection from X to Y. It follows in particular that 0 < d < 1. (Why?)

Now, for each a > 0, let A = {a+nd:n € NU{0}}. Then x — x+d is a bijection from X N A4, to
Y NA,, so|A,N[0,1]| is even. In particular, |AgNJ0,1]| is even, and so there exists & € N such that
0,d,2d,...,(2k—1)d € [0,1] and dn > 1 for all n > 2k. But then A;N[0,1] = {d,2d,...,(2k—1)d},
which means |44 N [0, 1]| is odd, a contradiction. W

Problem 10.

Let X1, Xo, X3 C R? be nonempty and pairwise disjoint with X; U X, U X3 = R3. Prove that
there exists ¢ € {1,2,3} such that for every d > 0, there are two points in X; at distance d.

Solution. Suppose not. Then for each i € {1,2,3}, there exists d; > 0 such that no two points in
X, are at distance exactly d;. We may assume that dq > do > d3. Pick z1 € X7 and let S; be the
sphere centered at x1 with radius di. Then S1 N X7 = &, so 51 C Xy U X3.

Since dy > ds, there are two points on S at distance ds, and so at least one of these points is not
in X3. Thus, we can choose a point xo € S1 N Xs. Let Sy be the sphere centered at xo with radius
dy. Then So N Xy = @.

Let C = 51N Sy. Then C is a circle of diameter %\/4% — d% (why?). In fact, since dy > da > ds,
this diameter is at least d3 (why?). Moreover, C N X; = @ (because C C S1) and CN Xy = @
(because C' C Sy). Hence, C' C X3. But now, since the diameter of C is at least ds3, there are two
points on C, and hence in X3, at distance exactly ds3, a contradiction. ll



Problem 11.

A function f : N — N is multiplicative if f(mn) = f(m)f(n) for all m,n € N. Prove that if
f is multiplicative and increasing, then f(2) = 2% for some integer d > 0.

Solution. Suppose for a contradiction that f(2) is not a power of 2. First, we prove an auxiliary
statement (all logarithms are base 2):

(1) For all m,n € N\ {1}, f(m)°8" = f(n)lem,
Proof of (1). Let

1
_ BT,

r =

logn

Then, for each k € N, there exists | € N with kr <1 < kr + 1. So, klogm < llogn < klogm + 1,

which implies that mF = 2klosm < ollogn < nl Since f is multiplicative and increasing, it follows
that

Flm)F = Fm) < fnl) = ) < F) = fm) < FyE = p) (R

logm

Since this holds for all £ € N, we deduce that f(m) < f(n)%=n , and thus f(m)'°e™ < f(n)le™ A
similar argument also shows that f(n)°8™ < f(m)°8™. This proves (1). O

Now, from (1), it follows in particular that for all m € N'\ {1}, we have

f(m) = f(g)logm — 9(logm)(log £(2)) _ ,,log f(2)

But f(2) is not a power of 2, and so log f(2) is not an integer, which means f(3) = 36/ is not
an integer, a contradiction. H

Note. In Problem 11, in fact we proved that for every function f : N — N that is multiplicative
and increasing, there is an integer d > 0 such that f(n) = n¢. (Why?)



3 Tilings

Tilings and tessellations look “recreational,” but often have strong connections with other parts such
as topology, geometry, dynamics, and combinatorics. The problems we will look at here are mostly
combinatorial. A remarkable result on this front was proved in 1961 by M.E. Fisher, who showed
that an 8 x 8 board can be tiled by dominoes in 16 x 901% = 12988816 different ways. The proof of
this is rather difficult, but not all tiling results are as hard as this one. Sometimes, a quick “coloring
argument” helps a lot.

Problem 12.

Start with an 8 x 8 board and remove two opposite corners of the board. In how many ways
can the resulting board be tiled by dominoes?

Solution. Zero! Suppose for a contradiction that a tiling exists. Then we have used exactly 31
dominoes. Now consider the 8 x 8 board colored in the standard black-and-white chessboard fashion.
So, there are exactly 32 black cells and 32 white cells. Also, any two opposite corner cells have
the same color; thus, once we remove them, the resulting board will have 32 cells of one color and
30 cells of the other color. But this contradicts the assumption that the board was tiled by 31
dominoes, because each domino covers exactly one black cell and one white cell. B

Problem 13.

Can the following five tiles be put together to form a rectangle?

(I |

[ 1

Solution. No. Suppose for a contradiction that the tiles put together form a rectangle. Then
there are a total of 20 cells, and so the rectangle, no matter the dimensions, can be colored in the
standard black-and-white chessboard fashion. There are now 10 cells of each color. Note also that
each of our five tiles, except for the second from the left, covers two cells of each color. But the
second tile from the left would cover 3 cells of one color and 1 cell of the other color, and so we
would have 11 cells of one color and 9 of the other, a contradiction. H

Problem 14.

One corner of a 51 x 51 board is removed. Clearly, the resulting board can be tiled with
2((51 x 51) — 1) = 1300 dominoes. But can this be done so that exactly 650 of the dominoes
are horizontal?

Solution. No. Suppose for a contradiction that there is a tiling with exactly 650 horizontal
dominoes. Color the board as follows: all cells in odd rows are black, and all cells in even rows
are white. Then there are exactly 50 + (25 x 51) = 1325 black cells (note that row 1 has 50 cells).
Recall that our tiling comprises exactly 650 horizontal dominoes and 650 vertical dominoes. Each
horizontal domino covers either two black cells or two white cells. Therefore, the total number of
black cells covered by the horizontal dominoes is even. Also, each vertical domino covers exactly
one black cell, so the total number of black cells covered by the vertical dominoes is 650. But then
the total number of black cells should be even, whereas 1325 is odd; a contradiction. H



Problem 15.

Let R be a rectangle that can be tiled by finitely many rectangles each of which has at least
one side of integer length. Prove that R also has at least one side of integer length.

First solution. Let T7,...,T},, for n € N, be the rectangles that cover R, each with at least one
integer side. We may assume that R = [ag, bo] X [co, do], where ag, by, co,dy > 0 are real numbers
with ap < by and ¢y < dy, and for each i € {1,...,n}, we may write T; = [a;,b;] X [¢;,d;], where
a;, b;, ci,d; > 0 are real numbers with ag < a; < b; < by and ¢y < ¢; < d; < dp. In this language, we
know that for each i € {1,...,n}, either b; — a; or d; — ¢; is an integer, and our goal is to show that
by — ag or dg — ¢p is an integer. Now, for a,b, c,d € R, define

b b pd
Iop :/ 2™ dy  and TIoped :/ / e2m($+y)dxdy.
a a C

The trick lies in the following auxiliary statement:

(1) For all a,b,c,d € R, we have I q =0 if and only if either b—a € Z ord —c € Z.

Proof of (1). Since > (@+Y) = 2me2TW e have Inpee = Iop ¥ Ioq. Also, note that for all
a,b € R, we have [,;, = . (ezmb — 62”“) = e;%l: (627”'(1’*“) — 1), and so I, = 0 if and only if
?m(b=a) — 1 which in turn holds if and only if b — a € Z. This proves (1). O

21

Now, for each i € {1,...,n}, since either b; — a; € Z or d; — ¢; € Z, by (1), we have Iy, p, ¢, c;, = 0.
n

Since (T1,...,Ty) is a partition of R, by additivity of the integral, I, b.co.do = 2 i1 Las,bi,ci.e; = O-
Hence, by (1), either by — ag € Z or dy — ¢ € Z, as desired. B

Second solution. This time, let R = [0, a] x [0, b] with
a,b € R positive. Our goal is to show that a or b is an
integer. Suppose not. Let a = |a| +a and b = |b] + f,
where 0 < «, 8 < 1. Partition the entire first quadrant
into % X % cells, and consider its chessboard coloring
with [0, 3] x [0, 3] colored black. Since each rectangular
tile has an integer side, the total black area and white
area that it covers are equal. Thus, the total black area
covered by R is equal to the total white area covered

by R. Now, let
A =10, [a]] x[0,[b]], B={lal,a] x[0,[b]], C=][0,[a]] x[[b],b], D ={[[a],a] x [[b],0].

Then (A, B,C, D) is a partition of R, and for each of A, B and C, the covered black area and white
area are equal. (Why?) It follows that the same should hold for D. Since the area of D is af,

the total black area covered by D must be %ﬁ But the black area covered by D is equal to one of
1

ap, 5, % or i +(a—3)(B— %) (why?), none of which is equal to a—f (why?), a contradiction. H
Note. Problem 15 is in fact a theorem of Nicolaas de Bruijn, and so not really a “problem.”
But comparing the two proofs (the first, by the way, is the original due to de Bruijn) is a perfect
demonstration of how chessboard colorings can make our lives a lot easier.



4 Invariants

This is a simple technique that can help with many seemingly impossible problems: if there is an
iterative process going on (in more technical terms, when there is a “dynamic”), look for an invariant
that does not change throughout, or whose evolution can be tracked. Here are a few problems where
this approach is essentially all there is to the solution:

Problem 16.

The numbers 1,2,...,100 are written on the blackboard. At each step, we may remove two
numbers m, n from the list, and add the number |m — n| to the list (the list shrinks by one
number). Is it possible to iterate this 99 times and be left with only the number 1 at the end?

Solution. No. The invariant we are interested in here is the “parity of the sum of the remaining
numbers.” This stays the same after each iteration (why?). Initially, the total sum is w = 5050,
which is even. So, it is impossible to end up with an odd number at the end. H

Problem 17.

Given a square real matrix, at each step we may pick either a row, a column, or a slanted
line parallel to a diagonal (including the diagonals themselves), and swap the signs of all
the entries. Is it possible to transform the matrix A; below into the matrix As below by an
iterative sequence of such operations?

1 1 1 1 111 1
1 1 1 1 111 1
Av=17 1 1 Ada=17 7 1
1 -1 1 1 111 1

Solution. No. For a +1-matrix A = [a; j]ax4, let

o @) @) o
@) o o @)

M(A) = {a12, a13, a2, as3, a21, az1, a4, aza } A=
D w6

o @) @) o

Note that each row, column, or slanted line parallel to a diagonal (including the diagonals) in A
contains either 0 or 2 entries from M (A). So the “product of the entries in M(A)” does not change
(why?). But this product is —1 for Ay and 1 for Ay. So, it is impossible to get from A; to A;. B

Problem 18.

Let f(z) be a function. At each step, you may replace f(x) by either

:c2f<$l_1> or (z— 1)2f<x11>.

Could you apply a series of these operations starting at 22 + = + 1 to obtain 2> + x — 1?




Solution. No. One may check that none of the operations changes the “discriminant” of the
polynomial (recall that the discriminant of ax? + bz + ¢ is b*> — 4ac). So, it is impossible to get from
2?2 + 2 + 1 with discriminant —3 to 2? + 2 — 1 with discriminant 5. W

Problem 19.

We start with n > 3 integers written around a circle. At each step, we may replace them
with another set of n numbers as follows:

e For every adjacent pair x,y, write the number L;'y in between them.

e FErase the original numbers.

Prove that if there are at least three distinct numbers around the circle at first, then after
sufficiently many iterations, we will see a number around the circle that is not an integer.

Solution. Suppose for a contradiction that all the numbers around the circle remain integers
forever. The invariant that works here is the “difference between the minimum and the maximum
number around the circle.” This time, the invariant does not remain constant; rather, as long as the
numbers around the circle are not equal, the invariant strictly decreases (why?). On the other hand,
since all the numbers are integers, this invariant is also an integer. Therefore, it must eventually
become zero; that is, all the numbers become equal.

Let m > 2 such that the m!" iteration is the first at which all numbers are circle are equal. Let

ai,...,ap be the numbers around the circle in clockwise order at iteration m — 1. Then
ay+az az+az  Ap_1t+ap  Gnptar,
2 2 2 2
and so a1 = a3 =as = --- and as = a4 = ag = ---. Since not all of a1, ...,a, are equal, it follows

that a1 # a9, and thus n is even. Let n = 2¢ for ¢ > 2. Since there are only two distinct numbers
at iteration m — 1, we must have m — 1 > 1 (because initially we had three distinct numbers).

Let by, ..., b, be the numbers around the circle at iteration m — 2, in clockwise order, such that a;
lies between by, by and asg lies between bo, b3. Then

_bitby  b3+by  by1+ by
o2 2 2

Adding the expressions on each side yields

by +b3  by+bs bt + b1

ai and ag = 5 = 5 — ... = 5 .
1 1

tay = §(b1 +by+---+by) and tay = §(b1 + by + - 4 byy);

which means a1 = a9, a contradiction. H

Problem 20.

We say that a set S C R? is cyclic if for every (a,b,c) € S, we have (a — b,b —c¢,c —a) € S.
Prove that if S C R? is cyclic and has bounded diameter (meaning that there exists d > 0
such that the distance between every two points in S is less than d), then it is finite.

Solution. Let S be an infinite cyclic subset of R3. We prove that S has unbounded diameter. We
consider two cases.



First, assume that S is a subset of the line L with equation z = y = z (note that every subset of L
containing the origin is cyclic). Clearly, every infinite subset of L has unbounded diameter.

Next, assume that S is not a subset of L. Then there exists (a,b,c) € S for which at least two of
a, b, ¢ are distinct. Define a sequence {X,, = (an,bn,cn) : n=0,1,2,...} recursively as follows:

e Let Xo = (ag, bo,co) = (a,b,c).
e For every n > 0, let X, 11 = (ap — by, by — ¢,y — ap).

Since S is cyclic and Xy € S, it follows that X,, € S for every n > 0. The invariant here is the
“distance of X,, from the origin.” We will show that this grows indefinitely.
Let n > 1. Then a, + b, + ¢, = 0 (why?). Therefore,

0= (an+bp +cn)? = a2 + b2 + 2 4 2(anby + bucp + cnan) = anby + bpcy + cpa, < 0.
Moreover,
agwrl + b%wrl + C%LJrl = (an — bn)2 + (bn — Cn)2 + (en — an)2 = 2(‘1% + bi + C%) —2(anbp + bncn + cnan);

and thus,
2 2 2 2 | 52 2
Apg1 + 1 + Chpr = 2(a, + b5, + ).

It follows from a quick induction that for every n > 1,
ap + by + e 2 2" (] + 07 + ).

Now, recall that at least two of ag, by, ¢y are distinct, and so a% + b% + C% > 0. We deduce that the
distance of X,, from the origin can be arbitrarily large.

Now, S is a subset of R? that contains points arbitrarily far from the origin. Of course, it cannot
have bounded diameter. (Why?) B

10



5 The Pigeonhole Principle

The Pigeonhole Principle (PP) says that if n 4+ 1 pigeons go into n pigeonholes, then at least two
pigeons end up in the same pigeonhole. More generally, if m pigeons go into n pigeonholes, then at
least [] pigeons end up in the same pigeonhole. This is quite useful in proving existential results:
Out of every three integers, there are two with the same parity; Out of every eight people, there are
two that were born on the same day of the week; The world’s population is (roughly) 8.3 billion,
and each day has 86.4 million milliseconds, so every day at least [8%34?110571 = 97 people wake up at

the exact same time up to milliseconds! Here are some more interesting examples:

Problem 21.

Prove that every set of n € N integers has a subset whose elements add up to a multiple of n.

Solution. Let S = {aj,...,ay} be a set of n integers. For each i € {1,...,n}, let s; =a1+---+a;.
So, we have s1 = a1, s2 = a1 +ag, s3 = a1 +az+as, and so on. If there exists i € {1,...,n} for which
s; is divisible by n, then we are done since {ai,...,a;} is the desired subset of S. Therefore, we
may assume that none of sq, ..., s, is divisible by n. Since there are only n — 1 possible remainders
modulo n other than zero, by PP, there exist 1 < ¢ < j < n such that s; = s; (mod n). Thus,
n|sj— 8 =ai41+ -+ aj, and so {ajt1,...,a;} is the desired subset of S. B

Problem 22.

Prove that there will be three problems on Assignment 2 such that either every two of those
three problems are solved commonly by some student, or no two of those three problems are
solved commonly by any student.

Solution. Let us say that a pair of problems is blue if at least one student solves them both, and red
if no student solves both of them. Our goal is to prove that there are three problems such that either
every two of them form a blue pair (which we call a blue triple), or every two of them form a red pair
(which we call a red triple). Let P, ..., Ps be the problems on Assignment 2. (Recall that we have six
problems on each assignment!) Each of the five pairs { Py, P2}, {P1, Ps},{P1, Ps},{P1, Ps},{P1, Ps}
is either blue or red. Thus, by PP, there are three pairs among these five that are all the same color.
Without loss of generality, we may assume that {P;, P2}, {P1, P3},{P1, P4} are all blue. Now, if at
least one of { Py, Ps},{Ps, Py}, { P2, Py} is blue, then that pair together with P; forms a blue triple.
Otherwise, if all three of { Py, P3}, {Ps, Py}, { P, P4} are red, then {P», P3, P4} is a red triple. B

Problem 23.

Prove that among any 5 points in R? with integer coordinates, there exist two points such that
the line segment joining them contains another point with integer coordinates (not necessarily
one of the original 5 points).

Solution. Let (z1,91),..., (x5, ys5) be the five points. There are four possibilities for the parities of
the coordinates of each point: (even, even), (even, odd), (odd, even), (odd, odd). So, by PP, there
exist 1 <4 < j <5 such that x;,z; have the same parity, and so do y;,y;. It follows that x; + z;

and y; + y; are both even, and thus (IL;“TJ , WTyJ)

ritx; yi‘H/j)
2 0 2

has integer coordinates. But we are done already

because ( is the midpoint of the line segment joining (x;,y;) and (z;,y;). B
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Problem 24.

Prove that among any seven real numbers, there are two numbers x, 2’ such that

A
z -2 V3

0< .
T 1l+xx T 3

Solution. Let ;7 < --- < z7 be the numbers. Since every real number is the tangent of a
unique angle in (—7/2,7/2), and tangent is increasing on (—m/2,7/2), it follows that there are
angles 0 < --- < 07 in (—m/2,7/2) such that for each ¢ € {1,...,7}, we have ; = tan#é,. Since
(—=m/2,7/2) is an interval of length 7, we may partition it into six intervals Iy, ..., I, each of length
/6. Since each of 01, ..., 607 belongs to one of I, ..., Is, by PP, there exist 1 <i < j < 7 such that
0;,6; belong to the same interval. So, 0 < §; — 0; < 7/6, and 0 < tan(d; — ;) < \/5/3 But

_ tan(0;) —tan(0;)  x; —
© 1+tan(f;) tan(6;) 1+ zja;

tan(ﬁj — 91)

Problem 25.

Let n € Nand let S C {1,...,2n} with |[S|=n+ 1.
(a) Prove that there exist a,b,c € S such that a +b = c. (We allow a =b.)

(b) Prove that there exist distinct a,b € S such that a | b.

Solution. Let S = {a1,...,an+1} such that a; < -+ < any1. First, we prove (a). For each
i€ {l,...,n}, let b; = ap+1 — a;. Then by > --- > b, are n elements in {1,...,2n}, all strictly
smaller than a,1. Since the 2n+ 1 numbers ay, ..., an41,b1,. .., by, are all members of {1,...,2n},
by PP, two of them must be equal. Since aq,--- ,an41 are pairwise distinct, and by, - -- , by, apy1 are
also pairwise distinct, it follows that there exist 4,j € {1,...,n} (possibly ¢ = j) such that a; = b;.
Therefore, we have a; = ap4+1 — a4, and so a; + a; = ap41, as desired.

Next, we prove (b). By the prime factorization theorem, for each i € {1,...,n + 1}, we may write
a; = 2Piq; where p;,q; > 0 are integers and ¢; is odd. In particular, qi,...,qn+1 are n + 1 odd
numbers in {1,...,2n}. But there are only n odd numbers in {1,...,2n}; thus, by PP, there exist
distinct 4,5 € {1,...,n+ 1} such that ¢; = ¢;. Moreover, without loss of generality, we may assume
that p; < p;. Hence, we have a; = 2Piq; | 2Piq; = 2Piq; = a;, as desired. W

Problem 26.

Define the sequence {ap}n>1 recursively by a; = 1,a2 = 9,a3 = 9,a4 = 4, and for every
n > 5, a, is the remainder of a,_1 + a,—2 + an—3 + ap—4 when divided by 10. Prove that at
some point, 7,5,7,4 appear as four consecutive terms of this sequence.

Solution. Observe that if any four consecutive terms of the sequence are given, then all the pre-
ceding terms are determined uniquely. Now, note that there are only 10* quadruples of num-
bers in {0,1,...,9}. Thus, by PP, there exist 1 < m < n < 10* + 1 such that the quadruples
(Amy Gt 15 Gmt2, Gm3) and (Gp, pi1, Gpt2, ant3) are the same. By the above observation, we have

Um—1 = Qpn—1, Gm—2 = Qp—2, ..., A4 = Qp—m+4, A3 = Gp—m+3, A2 = Opn—m+2, A1 = An—m+1-

12



In particular, the first four terms (a1, ag, as, aq) = (1,9,9,4) will reappear as four consecutive terms
(An—m+1, On—m—+2s Gn—m+3, An—m+4). Lherefore, the first four terms will appear infinitely many
times as four consecutive terms! But now deep enough into the sequence, we can work backwards
from the terms 1,9,9,4 and obtain

0,5,7,5,7,4,3,9,3,9,4,5,1,9,9,4. W
Note. According to ChatGPT, the first time 7,5,7,4 appears is at a1551, 1552, 41553, A1554-
Problem 27.
For every o € R, define ||a|| to be the minimum distance of a from an integer. For example,

[L3] =127 = 0.3, [[xl|=7—3, el =3—e.

Prove that for every a € R, we have inf {||nal| : n € N} =0.

Solution. We write {z} for the fractional part of x; that is, {r} = = — [z]. Note that {z} € [0,1),
and also ||z|| € [0,1). We need to prove that for every € € (0,1), there exists n € N such that
||Inal| < e. Let € € (0,1) be fixed and let p = [1/e]. Then, p € N and p > 2. Consider the p

intervals: - .
1 _
I(): |:07 ) ) IIZ |:7> ) Tty Ip—1: I:p71) .
b pp b

Note that (Io,I1,...,I,—1) is a partition of [0, 1).

Since the p+1 numbers 0, {a}, {2a}, ..., {pa} belong to the interval [0, 1), and since (1o, I1, ..., 1)
is a partition of [0,1) into p subintervals, by PP, at least two of 0,{a},{2a},...,{pa} belong to
the same interval among I, I1,. .., I,_1; in particular, there exist distinct 7,5 € {0,1,2,...,p} such
that 0 < {ja} — {ia} < 1/p. Since 1/p < 1/2, it follow that |[{ja} — {ia}|| = {ja} — {ia}. Thus,
since 1/p < ¢, it follows that

{ia} = {ia}|l <e.

Now, let n = |j —i|. Then n € N, and we have ||na|| = ||(j — i)a|| (note that ||z|| = || — z|| for
every z € R). Therefore,

[Inall = [|(7 — i)al|
= |[jo —ia]
= (el +{je}) = (Lie) + {ia})|]
= l(Lja] = [ia]) +({ja} = {ia})|]
integer
= |{sa} —{ia}||
< e.
]
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6 Extremal arguments

Your lesson here is: Look into the extremes; choose an example/counterexample that maximizes or
minimizes some quantity, and analyze its behavior. This simple trick can be unexpectedly useful:

Problem 28.

Let S be a finite set points in the plane such that every three of them form a triangle of area
at most 1. Prove that S is contained in a triangle of area at most 4.

Solution. The case where S is contained in a line is easy. (Why?) So, assume that there are three
points in S that form a triangle with nonzero area. The extremal trick is to:

Choose three points A, B,C € S such that the area of AABC is as large as possible.

Let £, be the line passing through A parallel to BC, let
£, be the line passing through B parallel to AC, and
let £, be the line passing through C' parallel to AB.
Let A’, B’,C’ be the intersection points of f, . and
by, l. and £, 0y, respectively. Now, let X be a point in
S other than A, B, C'. Then X should lie either on ¢,
or on the same side of ¢, as B,C, because otherwise
AX BC would have larger area than AABC, contrary
to the choice of A, B, C'. Similarly, X should lie either
on ¢, or on the same side of ¢, as A, C, and either on
L. or on the same side of /. as A, B. It follows that X
must lie on or inside the triangle AA’B'C’. Since X € S was arbitrary, we deduce that all of S is
contained in AA’B’'C’. Moreover, note that AABC, AA'BC, AAB'C, and AABC" have the same
area, and that AABC has area at most 1. So, the area of AA’B’C’ is at most 4. B

C/ A B/

Al

Problem 29.

Prove that the equation a? + b? = 3(c¢? 4 d?) has no solution in nonzero integers.

Solution. Suppose not. Here is the extremal trick:
Choose a solution (a,b, ¢, d) with a? + b? as small as possible.

Since a? + b = 3(c? + d?), it follows that 3 | a® + b, which means that 3 | a and 3 | b (why?). Let
a’,b € Z such that a = 3a’ and b = 3b’. Then

a® + 0% =3(2 4+ d?) = 9(a? + b?) = 3(* + d*) = & +d* = 3(d? + b?).

But now (¢,d,d, ') is another solution with ¢ + d*> = %(a® + b?) < a? + b?, contradiction to the
choice of (a,b,c,d). B

Note. We essentially proved that if there is one solution (ag, bo, co,dp), then there are infinitely
many solutions (ag, bo, co, do), (a1,b1,c1,d1), (ag, ba, c2,d2), - - with a?ﬁ—b% > a?+b? > a3+b3 >
and that would be impossible because there is no infinite strictly decreasing sequence of positive
integers. This is sometimes called the method of infinite descent.
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Problem 30.

Prove that there is no infinite arithmetic progression of integers whose terms are all perfect
squares, unless all terms are equal.

Solution. Suppose for a contradiction that there is an infinite sequence a; < ag < ag < --- of
positive integers such that a?, a3, a%, ... is an arithmetic progression. Here is the extremal trick:

Choose this sequence with ag — a1 as small as possible.

Since a1 < as < ag, it follows that
az +a1 < az+as.
Since a?,a3,a? is a (3-term) arithmetic i h 2 a3 =a3—d2 and
1,a5,a3 - progression, we have a5 — a5 = a5 — a7, and so

(CL3 + ag)(ag — az) = (CLQ + al)(a2 — al)

Therefore, ag — as < a2 — a;. But now a9, as, a4, ... is another sequence such that a%, a?,), ai, ... s

an arithmetic progression, and ag — as < as — a1, contradiction to the choice of ay,as,a;3,.... B

Note. Again, we are using infinite descent: if a%, a%, a?,}, ... is an arithmetic progression of integers

with distinct terms, then
as —a1 > a3 —ay > a4 —agz > -

which is impossible.

Problem 31.

“Air All Over” is an airline with remarkable coverage: between any two airports in the world,
it has a direct flight in at least one direction. Prove that there is an airport that can be
reached from any other airport via Air All Over flights either directly or with one stop.

Solution. For each airport a, let D, be the set of all other airports with a direct Air All Over flight
to a. Here is the extremal trick:

Choose an airport a with |D,| as large as possible.

We claim that a has the desired property. Let D’ be the set of all airports in the world other than a
and the airports in D,. Then no airport in D’ has a direct flight to a. We need to show that every
airport in D’ has a direct flight to some airport in D, (because that would yield a one-stop flight to
a). Suppose for a contradiction that some airport o’ € D’ has no direct flight to any airport in D,,.
By the coverage property, it follows that every airport in D, has a direct flight to a’. Also, recall
that a’ € D’ has no direct flight to a, and again by the coverage property, there should be a direct
AAO flight from a to a/. But now we have D, U{a} C D/, and so

[Dar| 2 |Da U{a}| = |[Da| +1 > |Dal,

contradiction to the choice of a with |D,| maximum. B
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Problem 32.

In an event with n > 4 guests, among each four guests, there is at least one guest that shakes
hands with the other three. Prove that some guest in this event shakes hands with everyone.

Solution. For each guest g, let S, be the set of all other guests that shake hands with g. Here is
the extremal trick:

Choose a guest g with |Sy| as large as possible.

Since n > 4, applying the assumption to some four guests implies that there is a guest who shakes
hands with at least three other guests. By the choice of g, it follows that |.S,| > 3.
We claim that g shakes hands with everyone else. Suppose not. Then there is a guest h in the
event such that h ¢ Sy U {g}. For every two guests g1, g2 € Sy, one of the four guests g, g1, g2, h
must shake hands with the other three. Since g, h do not shake hands, it follows that either g; or
g2 should shake hands with the other three. It follows that:

e Every two guests in S, shake hands with each other; and

e At most one guest in S, does not shake hands with h.
Since |Sg| > 1, by the second bullet, we may choose a guest ¢’ € S, that shakes hands with h.
Note that ¢’ also shakes hands with g (because g’ € Sy) and with everyone in Sy \ {¢'} (by the first
bullet). But now (S, \ {¢'}) U{g,h} C Sy, and thus

S| > [(Sg \ {g'}) U{g, h} = [Sgl = 1 +2 >[5y,

contradiction to the choice of g. B

Problem 33.

Let S be a finite set of points in the plane, not all on the same line. Prove that there exists
a line that passes through exactly two points in S.

Solution. Suppose not. Since S is not contained in a line, it follows

that there are three points in S not on the same line. In particular, N
there is a line £ that passes through at least two points in S, as well \
as a point P € S not on /. Here is the extremal trick: P

Choose ¢, P such that the orthogonal distance between P and ¢ is as \ B

small as possible. . ‘/
\
Since ¢ passes through at least two points in S, but not exactly two

points in S, it follows that there are three points A, B,C € S that \

lie on £. Let @ be the foot of the perpendicular from P to ¢. By the \
pigeonhole principle, two of A, B,C lie on the same side of Q; say, {
A, B,Q appear on £ in this order (where B = @ is possible). Let ¢
be the line passing through A, P. Then ¢ is a line through two points
in S (namely, A and P), and B € S is a point not on ¢'. But the
orthogonal distance between B and ¢ is smaller than (or equal to)
the orthogonal distance between ) and ¢, which in turn is strictly
smaller than the length of PQ), contradiction to the choice of /, P.

7
»
PRGN

Note. This is the Sylvester-Gallai theorem.

16



Problem 34.

Let a,b € N. Prove that if “;bibf is an integer, then it is a perfect square.

Solution. We may always assume that a > b. Suppose for a contradiction that for some pair (a, b)
a?4b>
ab+1

of positive integers, the number is an integer but not a perfect square. Here is the extremal

trick:
Choose such a pair (a,b) with a as small as possible.

Let ¢ = ‘fbibf. Note that a? — (be)a + (b — ¢) = 0, and so a is a solution to the equation

2% — (be)z + (b* — ¢) = 0.

Let @’ be the other solution. Then we have a +a’ = bc and aa’ = b> — ¢. Since a,b, ¢ € N, it follows
that @’ = bc — a is an integer, and since ¢ is not a perfect square, it follows that a’ = % is not
zero. In fact, since ‘fb‘:bf = ¢ > 0, it follows that a’b + 1 > 0, which in turn implies that a’ > 0.
Also, since a > b, it follows that

, b—c b
a = < —<b<a.
a a

But now (a’, b) is another pair of positive integers for which ‘fb‘:bf

square, and yet a’ < a, contradiction to the choice of (a,b). B

Note. This is the infamous Problem 6 from IMO 1998. At the time, and for quite a while after, it
was considered one of the hardest IMO problems ever.

= cis an integer but not a perfect

Problem 35.

Let m,n € N. Prove that every sequence of mn+ 1 real numbers contains either an increasing
subsequence with m + 1 terms or a decreasing subsequence with n + 1 terms.

(Here, a “subsequence” means a bunch of terms, in the same order as the original sequence,
but not necessarily consecutive.)

Solution. Let S = (a1,...,amn+1) be the sequence. Here is the extremal trick:

For each i € {1,...,mn + 1}, let ¢; be the length (number of terms) of the longest increasing
subsequence of S starting at a;.

(Note that ¢; > 1 because the single-term subsequence “a;” is increasing on its own.)

If one of #1,...,4mnt1 is at least m + 1, then we are done. Therefore, we may assume that
Oy lmnt1 € {1,...,m}. By the pigeonhole principle, at least L%‘HJ +1 > n+1 numbers among
l1,.. . lmng1 are equal. Let 1 <y <ig < --- <ipy1 <mn+1such that 6, =4, =---=4; ..
We claim that a;, > a;, > --- > a;,,,. Suppose for contradiction that for some j € {1,...,n}, we
have a;; < a;;,,. Let S’ be the longest increasing subsequence of S starting at a;;,,. Then S’ has
i, ., terms. Since a;; < a;;,, adding a;; to the left of S’ yields an increasing subsequence S” of S
starting at a;; with Eijﬂ +1 terms. But recall that Ein = &j, and thus S” has &j + 1 terms, which
is longer than the longest increasing subsequence of S starting at a;;, a contradiction.

From the above claim, it follows that (a;,,as,,...,a;, ) is a decreasing subsequence of S with n+1
terms, as desired. H

Note. This is the Erdds-Szekeres theorem.
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7 Induction

We all know about induction — arguably one of the most widely used proof techniques. There are
many variants: the ordinary one (“assume for k, prove for k + 1”), the strong one (“assume for all
values < k, prove for k + 17), and some stranger versions (see Problems 42 and 43 below).

Problem 36.

Prove that for every n € N, a 2™ x 2" board with one cell removed can be tiled by 3-cell
L-shaped tiles.

Solution. We proceed by induction on n. The base case n = 1 is
immediate. Assume that the statement is true for some n = k, where

k € N. Consider a 2Ft1 x 25+1 board B. Break B into four 2F x 2% D
boards Bi, Bo, B3, B4, where B is the top left, By is the top right, By
Bj is the bottom right, and By is the bottom left. Assume without |
loss of generality that the removed cell from B lies in By. Then, by
the inductive hypothesis, the remainder of By can be tiled. Also, the By Bs
bottom left corner of Bs, the top left corner of Bs, and the top right
corner of By together can be tiled with one tile. Now, the remainder
of By, Bs, By can be tiled by the inductive hypothesis. B

By

Problem 37.

Let « € R — {0} such that o + ™! € Z. Prove that for every n € N U {0}, we have
a"+a " eZ.

Solution. We proceed by strong induction on n. The base cases n = 0,1 are immediate. Assume
that for some k € N, we have o' +a~! € Z for every 0 <1 < k. Then

o 4o = (o 471 (ak + ofk> — (akil + a*(k*1)> cZ 1

€Z €Z €z

Problem 38.

Recall the Fibonacci sequence { fy, }m>1, where fi =1, fo = 2, and fi,, = fin—1 + fin—2 for
all m > 3. Prove that every n € N can be written as a sum of Fibonacci numbers no two of
which are consecutive.

Solution. We proceed by strong induction on n. The base cases n = 1,2 are clear. Assume that
for some k > 2, every number in {1,...,k} can be written as a sum of Fibonacci numbers no two of
which are consecutive. If k+1 is a Fibonacci number, then we are done. Therefore, since { f, }m>1
is strictly increasing, we may assume that there exists m € N such that f,, <k +1 < f,+1. Note
that m > 3 since f,41 > k+ 12> 3. Let

K = (k+1) = fm.

Since f,, < k + 1, it follows that 1 < k’, and since k + 1 < f,11, it follows that &' < fii1 — fin =
fm—1. We deduce that
1< E < fmfl.

18



In particular, since fp,—1 < fm < k+ 1, it follows that &’ € {1,...,k}, and thus by the inductive
hypothesis, k' can be written as a sum of Fibonacci numbers no two of which are consecutive.
Moreover, since k' < f,,—1, each summand belongs to {f1,..., fm—2}. But now k+1=k'+ f,, can
be written as a sum of Fibonacci numbers no two of which are consecutive; namely, the terms in
the sum for k', together with f,,,. This completes the inductive step. B

Question. Can you find an n € N that can be written as such a sum in two different ways?

Problem 39.

Prove that for every n € N U {0}, there is a partition (4, B) of {1,...,2""1} such that for
every i € {0,1,...,n}, we have
Yoy

acA beB

Solution. We proceed by ordinary induction on n. The base case n = 0 is immediate (choose
A = {1} and B = {2}). Assume that for some k € N, there is a partition (A, B) of {1,...,2~F1}
such that for every i € {0,1,...,k}, we have

Sa -y
ac€A beB

Let
C=AU{b+2"1:pec B} and D=BuU{a+2"":ac A}.

Then (C, D) is a partition of {1,...,2*"2}. By the binomial theorem, for each i € {0,1,...,k+ 1},
we have

s S (S g ) (gl )

e b ik ien B ach
> <Eb +2k1) b") - % ((T +2kH1) ai>
“ER0) )R 0) )
S0 e (5 -v)

Since i —1 < k, by the inductive hypothesis, for each j € {0,...,i—1}, we have ), al = > beB b,

Therefore, Sy i <;> <2k+1>i—f (Z Y aj> = 0.

ceC deD 7=0 beB a€A

Hence, (C, D) is the desired partition of {1,...,2¥2}. M
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Problems 40, 41, 42 each have a “moral.”

Problem 40.

Prove that for every integer n > 2, we have {/24/31/---/n < 3.

Solution. The moral here is:
Sometimes you need to induct on a weird parameter that is not the first “obvious” choice.

For instance, inducting on n here is almost impossible (try it!). So we are going to prove a stronger
statement, that for all m,n € N with m < n, we have

\/m\/(m+1)\/-~~\/ﬁ<m+1.

The proof of that is by induction on d = n —m > 0. The base case d = n — m = 0 is immediate:
vm <m+1. Now, let m <n (sod=mn—m >0). Since n—(m+1) =d—1 < d, by the inductive

hypothesis, we have
\/(m+1)\/(m+2)\/~-\/ﬁ<m+2.

Hence,

\/m\/("”+1)\/-~ﬁ<JW:\/(WLH)Q—K Vi iE=m+1

Problem 41.

Prove that every positive integer m can be written as +12 £224 .. 4+n? for some n € N and
some choice of signs.

Solution. The moral here is:
Sometimes you need “wider” induction steps (and, as this necessitates, more base cases).

For this problem, the proof is by the following unusual version of induction on m:
e Base cases: m =1,2,3,4.
e Induction step: assume for m = k, prove for m = k + 4.

For the base cases, note that

1=12, 2=—-12-22-324+42 3=-12+4+22 4=-12-22432

Now, assume by the inductive hypothesis that for some k € N, we have k = £12 +22 4 ... £ n? for
some n € N and some choice of signs. Note that

n+1)*+(n+4?=2n2+10n+17 and (n+2)*+ (n+3)% =2n? +10n + 13.
Consequently, (n+1)2 — (n+2)? — (n+ 3)? + (n + 4)? = 4, and thus
k+d=412422+. 40>+ (n+ 12— (n+2)2— (n+3)2+ (n+4)%

where the signs of the first n terms are the same as in the expression for k. ll
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Problem 42.

For n € N, we say that a function f : R — R is n-special if for all z1,...,z, € R, we have

f(m+~~hm>:f@ﬁ+~-+ﬂmg

n n

Prove that if f: R — R is 2-special, then f is n-special for every integer n > 2.

Solution. The moral here is:

Sometimes you need to induct backwards!

For this problem, the proof is by an even more unusual version of induction on n:
e Base case: n = 2.
e Induction step 1: assume for n = k, prove for n = 2k.

e Induction step 2: assume for n = k + 1, prove for n = k.

The base case n = 2 holds because f is 2-special. For induction step 1, assume that f is k-special
for some k > 2. Then, for all z1,...,z9; € R, we have

R U SE R

1+ o+ Top | k k
f( 2k > =/ 2
f (901 + k +$k> + f <93k+1 +'k"+l‘2/c>
= 5 Since f is 2-special
fla) 4+ flan) | flor) + o+ flow)
= k 5 k Since f is k-special

flxy) + -+ floo)
2k '

Thus, f is 2k-special.
For induction step 2, assume that f is (k + 1)-special for some k > 2. Then, for all z1,...,z € R,

we have

$1+---+xk+<x1+'“+$k>
f<m+““%m>:f -
' kE+1
e T )
— ka1 Since f is (k + 1)-special
N (EESEA N CATERS L)

Hence, f is k-special. B
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Problem 43.

Let n € N. Atlas is given a list of n pairwise distinct reals x1,...,z, > 0. He is supposed to
start from one end of a track of length 1 + - -+ + x,, and take n steps of lengths x1,...,x,,
in some order, to reach the other end. There are n — 1 puddles along the track (no puddle at
either end). Prove that the order can be chosen such that Atlas never steps into any puddle.

Solution. The proof is by strong induction on n. The base cases n = 1,2 are easy to check.
Assume that for some k > 2, the assertion holds for all n € {1,...,k}. We prove the case n = k+1.
Without loss of generality, assume that 1 < --- < xx11, and that Atlas starts at the left end of the
track. From left to right, for each i € {1,...,k}, let y; be the distance between the left end and the
i-th puddle. Also, define ygy1 = x1 + - -+ + xx+1. There are three possibilities:

(i) Assume that {x1,...,2p41} € (0,91] U {y2,...,yx}. Then y; < x; < y;41 for some
i€{l,...,k+1} and some j € {1,...,k}. In this case, Atlas first takes a step of length z;,
thereby passing over j > 1 puddles without stepping into any. From this point on, the number
of remaining puddles is k — j < k — 1. So, by the inductive hypothesis (and by inserting j — 1
“fake” puddles in the middle), he can take the remaining k steps in some order and make it
to the right end without stepping into any puddle.

(ii) Assume that {z1,...,2p+1} C (0,91 U{y2,...,yx} but {z1,...,2k41} ¢ (0,y1]. Then,
for some j € {2,...,k}, we have z341 = y; and {z1,..., 2511} \ (0,91) € {v1,...,y;}. It
follows that x1,...,2x11—; € (0,y1). Since k+1—j > k—j, there exists £ € {1,..., k+1—j}
such that z, is distinct from each of y;11 — vj,yj+2 — ¥j,-- ., yx — y;- Now Atlas first takes a
step of length xy < y1, which keeps him before the first puddle. Then he takes a step of length
Tk4+1 = Yj, which takes him past the j-th puddle, but only by a distance of z;, which by the
choice of x; does not land on any puddle after the j-th one. From this point on, there are at
most k — j < k— 2 remaining puddles. So, by the inductive hypothesis (and by inserting j — 2
“fake” puddles in the middle), he can take the remaining k — 1 steps in some order and make
it to the right end without stepping into any puddle.

(iii) Assume that {x1,...,2x11} C (0,41]. Then 0 < 21 < -+ < @) < Tpy1 < y1. Atlas first
takes a step of length zp = w41 — after which either he remains before the first puddle, or
steps right into it. Ignore the first puddle for a moment. By the inductive hypothesis, there

is a permutation z1,...,z; of x1,...,x; such that Atlas can start from where he is now, take
k steps of lengths z1, ..., zx in this order, and make it to the other end without ever stepping
into any of the other & — 1 puddles. Therefore, if he starts from the left end and takes k + 1
steps of lengths zg, 21, ..., 25 in this order (which is a permutation of x1,...,2ky1), then he

reaches the other end without ever stepping into any puddle except possibly the first one. If
indeed he does not step into the first puddle either, then we are done. So we may assume that
at some step, say right after the one of length z;, where i € {0,1,...,k}, he steps into the
first puddle. Then 25+ - - + 2z; = y1. Note that ¢ < k because no puddle is at the right end
of the track; thus, the next step of length z; 41 exists. Now, since z;4+1 < zp11 = 20, Atlas can
avoid all puddles by only swapping the steps of lengths zg and z;41; so he takes k + 1 steps of
lengths 2;.1, 21, ..., 2i, 20, Zi4+2, - - - , 2 in this order.

With all three cases handled, the induction is complete. W

Note. This is Problem 6 from IMO 2009 (in disguise), which is to this day one of the hardest IMO
problems ever. (This was my solution, which took me over 2 hours to figure out! You may find
shorter /better solutions elsewhere.)
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8 Counting (and some graph theory)

The purpose here is to discuss two counting techniques. First, counting the number of elements in a
set X sometimes becomes easier if instead we find a set Y such that there is a bijection f: X — Y,
and then count the number of elements of Y. That is enough because two finite sets X,Y have the
same number of elements if and only if there exists a bijection between X and Y. Here are some
problems demonstrating this technique.

Problem 44.

For m,n € N, find the number of rectangles inside the m x n rectangular grid.

Solution. Each rectangle uniquely corresponds

to a choice of two rows and two columns of the

grid, which can be made in (m;rl) (n+1

5 ) ways. H

Problem 45.
For m,n € N, find the number of non-decreasing functions f : {1,...,m} — {1,...,n}.
Solution. It suffices to find the number of m-tuples (ai,...,an) from the elements of {1,...,n}

such that a1 < --- < a,, (why?). The set of all such m-tuples is in bijection with the set of all
0/1 strings of length m + n — 1 with exactly m ones and n — 1 zeros, as follows: For each such
m-tuple (ai,...,an), let k; > 0 be the number of i’s among ay, ..., an,, where i € {1,...,n}. Then
k14 ---+k, = m. Now correspond the m-tuple to the following string with m ones and n — 1 zeros:

1---101---10 ---01---1.
—— —— ——

k1 ko kn
This is a bijection (why?), and so we need to count the number of 0/1 strings with m ones and n— 1
zeros. But that is easy: there are m + n — 1 spots in the string, and m spots should be chosen for
the 1’s (the rest are 0’s), which can be done in (mt;“l) ways. H

Problem 46.

For n € N, find the number of ways to write n as a sum of positive integers. (The order
matters: for instance, 1 + 1+ 2 and 1+ 2 + 1 are different sums amounting to 4.)

Solution. We count the number of all ordered tuples (a1, ...,ax) in N such that a1 +---+ax =n
(this automatically implies that 1 < k < n). The set of all such ordered tuples is in bijection
with the set of all 0/1 strings with exactly n ones that start and end with a 1, and have no two
consecutive 0’s. For each such tuple (ay,...,ax), correspond it to the following string:

1---101---10 ---01---1.
— — —

al a2 A

This is a bijection (why?), and so the answer is equal to the number of 0/1 strings with exactly n
ones that start and end with a 1, and have no two consecutive 0’s, which is 2"~1 (why?). B
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The second technique is double-counting: Start with a finite set X, and count the number of elements
of X in two different ways. The results of the two enumerations must therefore be equal. This is
extremely useful in proving (in)equalities that are algebraically painful (or nearly impossible) to
prove. Here are a couple of problems demonstrating this:

Problem 47.

Prove that for every n € N,
n
k <Z> =n2" L,
k=1

Solution. Here, the algebraic proof is not that bad: Note that for all n > k > 1,

n\ n! B n! B (n—1)! ~ (n—1
k<k> R R T Gk e )i — ) _”(k—1)‘

Therefore,
- n n—1 -1
_ - _ - _ n—1
;k@ Zn(k_l) _nx;( l ) n2
= =
oan—1

But here is an easier proof: Consider the set of all subsets of {1,...,n} with one element marked
as special:

X ={(S,a): SC{1,...,n}, ae S}.
We count |X| in two ways:

¢ Enumeration 1: First, we choose S C {1,...,n}. If S has k elements (where 1 < k < n),
then we can choose S in (Z) ways, and then choose a € S in k ways. It follows that the
number of ways to construct the pair (S, a) with |S| = k is k(}}). Since k could be any number

in {1,...,n}, we have
n n
1X| = Zk<k>
k=1

e Enumeration 2: First, we choose a. This can be done in n ways (because a € {1,...,n}).
Now, we choose S. Note that a € S already holds, so we only need to choose S\ {a}, which
is simply a subset of {1,...,n} \ {a}. This can be done in 2"~ ways. Hence,

|X| = n2" L.

Equating the above counts yields a proof of the identity. H

Problem 48.

Prove that for every n € N,

() = () e een (052
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Solution. We use double-counting. (Try proving it algebraically!) Consider this situation: We
want to select a committee with n members from n professors and n students. The committee
must include at least one professor. We also need to choose a president and a vice-president for the
committee from the professor members (but the two can be the same individual).

In how many ways can this be done? Here are two different ways to count:

e Enumeration 1: Let 1 < k < n be the number of professors on the committee. They can
be selected in (Z) ways. Then we need n — k students, who can be chosen in (nT—lk) ways.
Finally, we need to choose a president and a vice-president from the k£ chosen professors on
the committee, which can be done in k% ways. Since (2) = (nr_lk), it follows that the total
number of ways the committee can be selected is

2400 -2e()

e Enumeration 2: First, we choose a president and a vice-president, and then we choose the
other members. There are two cases: If the president and the vice-president are the same
individual, that individual can be chosen in n ways from the n professors, and the rest of the
committee can be selected in (27?__11) ways. If the president and the vice-president are different
individuals, then the president can be chosen in n ways, and the vice-president can be chosen

in n — 1 ways. The rest of the committee can then be chosen in (27?__22) ways. Hence, the total

number of ways to form the committee is

(g U] Gl

Equating the above counts yields the identity. l

Problem 49.

Solution. Let X = {(a,b) : a,b € {1,...,n}, a | b}. We count |X| in two ways. For each
b € {1,...,n}, the number of valid choices of a is 7(b); thus, |X| = 7(1) + --- + 7(n). On the
other hand, for each a € {1,...,n}, the number of valid choices of b is |n/a]; therefore, | X| =
[n/1] +--- + [n/n]. Equating the two counts yields:

and so

Here are a few more problems illustrating these techniques:
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Problem 50.

What is the number of parallelograms inside the n x n x n triangular grid (with n 4 1 points
on each side)?

Solution. The answer is 3("+2) There are three types

of parallelograms, depending on which two sides of the
grid their sides are parallel to. Let us count the par-
allelograms with sides parallel to XY, XZ. Let P be
such a parallelogram. Extend the grid along XY, XZ
by one row; the side Y’Z’ now has n + 2 points on it.
Extend the sides of P, and let A, B,C, D be the in-
tersection points of the extended sides of P with Y'Z’
(appearing from Y’ to Z’ in this order). These four
points uniquely determine P (why?), and thus there is
a bijection between the parallelograms with sides par-
allel to XY, XZ, and the 4-subsets of the points on
Y'Z', which can be chosen in ( +2)

ways. l

Problem 51.

For an integer n > 2, an arithmetic progression in {1,...,n} is mazimal if it has at least
two terms and cannot be extended to a longer progression with the same common difference.
Prove that the number of maximal arithmetic progressions in {1,...,n} is [n?/4].

Solution. Each maximal progression in {1,...,n} is uniquely determined by the pair (a, d), where
a is the first term and d is the common difference; by maximality, we should start at ¢ and continue
adding d until we fall out of {1,...,n}. There are two constraints:

e The progression cannot be extended from below, which means a < d. (Why?)
e The progression has at least two terms, which means a < n — d. (Why?)

We deduce that there is a bijection between the set of maximal arithmetic progressions and
N ={(a,d): a,de{1,...,n}, a <min{d,n —d}}.
It remains to count |N|, which we do in two cases:

(i) Assume that n is even; say, n =2t for t € N. If d € {1,...,t}, then min{d,n —d} = d, and so
the valid choices of @ are 1,...,d. If d € {t+1,...,2t}, then min{d,n —d} =n—d =2t —d,

and so the valid choices of a are 1,...,2t — d. Therefore,
t 2t
t(t + 1) t(t -1 5, |n?
N — d 2t - d d, = t = _— .
DR LD 2 i

(ii) Assume that n is odd; say, n = 2t+1fort € N. If d € {1,...,t}, then min{d,n —d} = d, and
so the valid choices of a are 1,...,d. Ifd € {t+1,...,2t + 1}, then min{d,n —d} =n—d =
2t + 1 — d, and so the valid choices of a are 1,...,2t + 1 — d. Therefore,

2t+1 t t 2
N d Qt+1-d)=Sd d = it 1:{”] m
IN| = Z + > (2t+1-d) ; +d; (t+1) =1

d=t+1
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Problem 52.

Let n > r > 1 be integers. For each r-subset of {1,...,n}, consider its smallest element.

Prove that the average of all these smallest elements is equal to ’:_ﬂ

Solution. Let S be the set of all r-subsets of {1,...,n}. We would like to prove that

For each S € S, we have min S € {1,...,n —r+ 1} (because there should be room for choosing the
other r — 1 elements of S). Also, for each k € {1,...,n —r+ 1}, there are exactly (Z:lf) sets S € S

with min S = k. Thus,
n—r+1 n—kL
meS: Z k(r— 1).
Ses k=1

On the other hand,

(n)xn—i—l_ n! ><n—l—l_ (n+1)! _(n+l>
r r4+1 rln—r) " r+1 (+D((n+1)—(CF+1D) \r+1)°

So, it suffices to show that
nfl i n—k\ (n+1
r—1) \r+1/)

k=1

To that end, let ST be the set of all (r + 1)-subsets of {0,1,...,n}. Clearly,

5+ = <n + 1>'
r+1
We now count |S*| in a different way. Since r + 1 > 2, each set S € St has a second smallest
element, and that element lies in {1,...,n —r + 1} (since we need room for choosing the smallest
element before it, and the other » — 1 elements after it). For each k € {1,...,n —r + 1}, let Sk
be the set of all S € St whose second smallest element is k. Then Si,...,S, 41 partition ST,
and so |St| = [S1| + -+ + |Sn—r+1]. Moreover, we may count |Sg| as follows: For each S € Sk,
the smallest element of S should be chosen from {0, ...,k — 1}, which can be done in k ways. The

second smallest element is k, and the remaining 7 — 1 elements must be chosen from {k+1,...,n},
which can be done in (:f:]f) ways. Hence,

n k n—r+1 n—r+1 n k
_ - +| _ -
|Sk—k<r_1> = S| = kE—l 1Skl =) k<r_1>- u

k=1

Note. This is Problem 2 from IMO 1981.

Problem 53.

Prove that for every n € N
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Solution. Instead, we will show that:

i on+2—k (” ‘]L' k) _ 92042

k=0
Let X be the set of all 0/1 strings of length 2n + 2. Clearly,
|X| — 22n+2.

We now count |X| in a different way. Note that for every string s € X, by the pigeonhole principle,
there are at least n + 1 identical characters among the first 2n + 1 characters of s. Now, for each
s € X, let f(s) be the minimum ¢ such that among the first ¢ characters of s, there are n + 1
identical characters (0 or 1; it does not matter). For instance, when n = 2, we have

f(101101) =4 and f(001101) = 5.

It follows that f is well-defined, and n + 1 < f(s) < 2n + 1 for every s € X. Therefore, we can
group the strings in X according to the value of f: For each k € {0,1,...,n}, let

Xp={seX: f(s)=n+k+1}.

Then Xo, X1, ..., X, partition X, and so |X| = |Xo| + |X1| + -+ |X,|. Moreover, we may count
| Xx| as follows: Let s = ¢1eg - -« copto € X. Since f(s) =n+k+1, among c1,c¢a,. .., Chikr1, there
are n+ 1 identical characters; say, they are equal to ¢ € {0,1}. There are two possibilities for c¢. By
the minimality of f(s) =n+ k + 1, we have ¢, 1,41 = ¢, and among c1, ..., ¢ 1k, there are exactly
n characters equal to c. So, the first n + k characters can be chosen in ("Zk) ways. The remaining

n+ 1 — k characters of s (coming after ¢, 11) each have two possibilities, giving rise to a count of
2nt1=k  Hence,

k k - = k
R R e e G IEN PR SR e G A
n

k=0 k=0

Sometimes, counting arguments, especially double-counting, work more efficiently in conjunction
with a graph-theoretic interpretation. Recall, for instance, that the hand-shaking lemma is nothing
but double-counting the set

{(v,e) € V(G) x E(G) : v is incident with e}

in a graph G. Below are some examples geared toward this approach. But let us first awaken our
graph theory mode with quick warm-up problem:

Problem 54.

In a country with serious traffic issues, the government plans to make all roads one-way. To
avoid congestion, the goal is that at each city, the numbers of incoming and outgoing roads
differ by at most 1. Show that this is possible.

Solution. The graph-theoretic statement says that, “For every graph G, the edges of G can be
oriented such that the in-degree and out-degree of each vertex in the resulting digraph differ by at
most 1.” We prove this by induction on |V(G)| + |E(G)].
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If G has no edge, then we are done. So we may assume that G has at least one edge. Assume that
G has a cycle. Then we can orient the edges of the cycle in, say, the clockwise direction, remove
those edges, and win by the inductive hypothesis. Therefore, we may assume that G has no cycle
and so (each component of) G is a tree. Since G has at least one edge, it follows that G has a vertex
of degree exactly 1. Let x be such a vertex in GG, and let y be the unique neighbor of z. Remove
x (and the edge xy) from G. By the inductive hypothesis, the resulting graph G’ admits a desired
orientation. Let d;;, and d,; be the in-degree and out-degree of y in the orientation of G’. It follows
that either d;;, = dout, or dip, — dowt = 1, or doyr — d;j, = 1. Now put back x, joining it to y via the
edge xy. If either d;;, = doyt or dip, — doyr = 1, orient the edge xy from y to x, and if doyt — dipy = 1,
orient the edge zy from x to y. This yields a winning orientation for G. B

The next three problems focus on counting:

Problem 55.

A group of students and a group of professors have some 1-on-1 meetings, each between a
student and a professor.

(a) Assume that all individuals have had the same number of meetings. Prove that the
number of students equals the number of professors.

(b) Assume that each individual goes to at least one meeting, and every two individuals
who meet have the same number of meetings. Prove that the number of students equals
the number of professors.

Solution. For (a), the graph-theoretic statement says that, “If G is a bipartite graph with bipartition
(A, B) and all degrees equal, then |A| = |B|.” Suppose that for every v € V(G), we have dg(v) =
d > 0. We double-count |E(G)|: Each edge has exactly one end in A and one end in B; thus,

E@)] =3 de(w) = Y da(v) — dlA|=diB| = |A| = |B].
vEA veB

Part (b) is subtly different from part (a) — the graph-theoretic statement says that, “If G is a bipartite
graph with bipartition (A, B), where no vertex has degree zero, and every two adjacent vertices have
equal degrees, then |A| = |B|.” The key is to look at the connected components of G: Since G has
no degree-zero vertex, each component C' of G has at least one edge, and since C' is connected, all
vertices in V(C') have equal degrees (why?). Therefore, by (a), we have |[ANV(C)| = |BNV(C)]
for each component C of G, and therefore |A| = |B|. B

Problem 56.

Let n > 4. Consider a convex n-gon with all diagonals drawn such that no three diagonals
pass through the same point. What is the total number of segments created on the diagonals?

Solution. First, we need to count the number of intersection points: Note that each intersection
point corresponds uniquely to a choice of four vertices of the n-gon. Thus, the number of intersection
points is (Z) Now, consider a graph whose vertices are the vertices of the n-gon along with the
intersection points, and whose edges are the segments created on the diagonals. In this graph, the
degree of each of the n vertices of the n-gon is n — 3, and the degree of each intersection point is 4.

Hence, by the hand-shaking lemma, the total number of segments is equal to 2(2) + @ [ |
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Problem 57.

We wish to divide m € N identical snickers bars equally among n € N students. Prove that:

(a) This can be done by dividing the bars into a total of m 4+ n — ged(m, n) pieces.
(b) It is impossible to do so by dividing the bars into fewer than m 4+ n — ged(m, n) pieces.

Solution. Throughout, let

d= gcd(m,n), [ = lcm(m’ TL), m/ = %7 n’ = g
Then ged(m/,n’) = 1 and | = ™% = mn/ = nm’ = m/n’d. By rescaling our units of measurement,

we may assume that each bar has length n'.

For (a), no graph theory is needed. Glue all the bars together along a circle to obtain one giant
snickers ring of perimeter mn’ = [. We can cut this into n equal pieces, each of length [/n = m’ for
a student. Call these cuts of type 1. Also, we need to cut the ring back into the original m bars,
each of length n’. Call these cuts of type 2. There is a total of m+n cuts; however, some type-1 cuts
overlap with type-2 cuts, hence being counted twice. Note that the length of each segment between
two consecutive overlapping cuts is the least common multiple of the lengths of a type-1 segment and
a type-2 segment; that is, lem(m/’, n’). But ged(m’,n’) = 1, and so lem(m/,n’) = m/n’. Therefore,
the number of overlapping cuts is [/m'n’ = d, and so the actual number of cuts is m +n — d.

We do need some graph theory for (b). Suppose that the fair division has been done using p pieces.
Our goal is to show that p > m +n — d. Make a bipartite graph G with parts M and N, such that
M is the set of all m bars, N is the set of all n students, and there is an edge between a bar and a
student if and only if the student has received a piece from the bar. Observe that p = |E(G)|. So,
we need to prove that |[E(G)| > m +n —d.

Let k be the number of components of G; say, Gi,...,Gg. For each i € {1,...,k}, since G; is
connected, it has a spanning tree, and so |E(G;)| > |V(G;)| — 1. It follows that

k k
G) =D |E(G) Z Gl —-1)=V(@)|—k=m+n—k
=1 =1

Now, it suffices to show that & < d. For each ¢ € {1,...,k}, let M; = V(G;) N M and let
N; = V(G;)NN. Then G; is bipartite with bipartition (M;, N;). Since |Mi|+---+|Mg| = |M| =m
it follows that there exists j € {1,...,k} such that |M;| < m/k. Let us double-count the total length
of bars in M;. On one hand, since each bar has length n’, the total length of the bars in M is
n'|Mj;|. On the other hand, the bars in M; are exactly those divided among the students in N;, and
each student receives the same total length m/. Therefore, the total length of the bars in M is also
equal to m' - |N;|. We deduce that
n/|Mj| = m/|Nj]

and thus m’ | n'|M;|. Since ged(m/,n") = 1, it follows that m’ | | M|, and so m’ < |M;|. But recall
that |M;| < m/k. Hence

m < =d. N

m
— = k<
A <

3\\3
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9 Number theory

We start with four problems that, although interesting, only concern (very) basic number theory:
divisibility, primes and gcd, congruences, etc.

Problem 58.

Find all z € N such that 22 is the product of four positive consecutive integers.

Solution. Suppose that z,y € N such that #2 = y(y + 1)(y + 2)(y + 3). Let z = y(y + 3). Then 2
is even; say, z = 2t for some t € N. Moreover,

2 =yy+3)(y° +3y+2) = 2(z +2) = 2t(2t + 2) = 4t(t + 1).

Since 22 and 4 are both perfect squares, it follows that ¢(¢ + 1) is a perfect square. But then since
ged(t,t + 1) = 1, it follows that both ¢ and ¢ + 1 must be perfect squares, which is impossible.
Hence, no such z € N exists.

Problem 59.

Find all z € N such that 2% + 4% is prime.

Solution. Note that for all z,y € N, we have
ot 4yt = (2 + 297)? — (22y)? = (2% + 2y% — 2zy)(2? + 2y* + 229)).

This is called the Sophie Germain’s identity.

Now, assume that z € N with > 1. If z is even, then 2% + 4% > 32 is even, and not a prime. If =
is odd, then 2 = 2k + 1 for some k € N. Let y = 2F. Then, 4% = 4 - 428 = 4. 2% = 4(2F)* = 44,
and by Sophie Germain’s identity, we have:

ot + 4% = 2t 4 4yt = (2% + 207 — 229) (2% + 2% + 22y).

which is not a prime. So z = 1 is the only value for which z* + 4% = 5 is a prime. B

Problem 60.

Find all coprime z,y € N such that y/x = z.y. (For example, we have 5/2 = 2.5.)

Solution. Assume that y has & € N digits. Then

¥ ::I:.y:x%—i = 10ky: 1ka2+xy.
x 10k

Since zy = 10*(y — 22), it follows that
10% | zy.

Since 10Fy = 2(10%x 4 y), it follows that 2 | 10%y, which combined with ged(z,y) = 1 implies that
x | 10%. Also, since 10¥z2 = y(10* — z), it follows that y | 10*22. Therefore, since ged(z2,y) =
ged(x,y) = 1, we deduce that y | 10*¥. Now, from z | 10%, y | 10*, and ged(z,y) = 1, it follows that:

zy | 10,
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We deduce that 2y = 10¥, which combined with ged(z,y) = 1 yields
(z,9) € {(1,10°), (10%,1), (2", 5"), (5%, 2°)}.

Moreover, note that y > y/x = 2.y > 2. So there are two cases: (x,7) = (1,10%) or (z,y) = (2¥,5%).
The former is impossible because y has k digits (not k 4+ 1). For (z,y) = (2¥,5%), if £ > 2, then

y =58 = 5F 71 (441) > 4P (41) = 4P qabt = gk 02k > gk ok — oR(9F 1) = p(241) > 2(zy)

and so y/x > x.y. Hence k =1, and (x,y) = (2,5) is the only solution. B

Problem 61.

(a) Prove that 333---3 is divisible by 331.
—_—
330 digits

(b) We say that a sequence {x,,},>1 of positive integers is digital if, for every n > 1, z,, is
by attaching a digit other than 9 to the right of x,,_;. Prove that every digital sequence
contains infinitely many composite numbers.

Solution. For (a), note that

10330 — 1
3333 = ——7—.
—— 3
330 digits

Also, 331 is a prime and ged(10,331) = 1. Thus, by Fermat’s little theorem, 1033 = 1 (mod 331),
and so 331 | 1033° — 1. Since ged(3,331) = 1, it follows that

10730 — 1

331
3

In fact, we proved more generally that 333 - -3 is divisible by p for every prime p # 2, 5.

p—1 digits
For (b), suppose for a contradiction that there is a digital sequence {zy}n>1 for which there exists
N € N such that x,, is prime for every n > N. Since {z,},>1 is digital, for every n > 1, there
exist y, € {0,1,...,8} such that =, = 10x,_1 + y,. It follows that for every n > 1, we have
Tp = Tp—1 + yn (mod 3), and so for all ny > ny > 1, we have

na
Tpy = Tny + Z Ym (mod 3).

m=ni1+1

For every n > N > 1, since x,, is a prime with at least n > 2 digits, it follows that x,, is not divisible
by any of 2,3, and 5. In particular,
yn € {1,3,7}.

We claim further that there are at most two values of n > N for which y, € {1,7}. Suppose for
a contradiction that there exist ng > ng > ny > N such that yn,, Yn,, Uns € {1,7} and y,,, = 3 for
every m with n; < m < ng or ng < m < ns. Note that

n3
Tpg = Tny + Z Ym = Tny + Yng (mod 3)

m=no+1
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and

n2
1:n2 = xnl + Z ym = xnl + yn2 (mOd 3)

m=ni+1
AlSo, YnysYny,Yns = 1 (mod 3). Since x,, is prime and not divisible by 3, it follows that z,, =
lor2. Ifx,, =1 (mod 3), then
Tng =Ty +Yng =Tny +Yny +Uns =1+1+1=0 (mod 3);
which is a contradiction because 3 { x,,,. Likewise, if z,,, =2 (mod 3), then

Tpg =Tny +Yn, =2+1=0 (mod 3);

again a contradiction because 3 { x,,. This proves the claim.
From the claim, we deduce that there exists M > N such that for every n > M, we have y, = 3.
Let p=zp and let n =M +p — 1. Then n > M, and so

Ty = Tprepo1 = 10P oy +333---3 =10"""p+333---3.
p—1 digits p—1 digits

Note that p | 10P~p. Recall also that p is a prime and p # 2,5, and so by (the extended version
of) part (a), we have

p|333...3.
——
p—1 digits

Now p | x,, whereas x,, > p because p = z); and n > M, contrary to x,, being prime. H

Note. If we also allow the digit 9 to be appended to the right, the same problem is open!

The next four problems are on functional equations. The first (in two parts) is fairly easy:

Problem 62.

(a) Find all functions f : N — N such that = + f(y) ’ f(z)+y forall z,y € N.

(b) Find all functions f : N — N such that 22 + yf(y) ‘ zf(z) +y? for all 2,y € N.

Solution. For (a), we can swap = and y: For all x,y € N, we have x + f(y) | f(x) + y and also
y+ f(x) | f(y) + x; therefore, x + f(y) = y+ f(x). Applying this to y = 1, it follows that for every
x € N, we have f(x) = x + f(1) — 1. So, f satisfies the condition if and only if f(x) = x + b for
some fixed integer b > 0.

For (b), again, we can swap x and y: For all z,5 € N, we have 22 + yf(y) | zf(x) + y? and also
v?+af(z) | yf(y) + 2% therefore, 22 + yf(y) = y? + 2 f(x). Applying this to y = 1, it follows that
for every x € N, we have f(z) =z + % Since f(z) is an integer for every x € N, it follows that
f(1) — 1 is divisible by every z € N. Consequently, f(1) —1 =0, and so f(z) =z. &

The third one is a “mix” of the previous two, and somewhat harder.
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Problem 63.

Find all functions f : N — N such that z* + f(y) | «f(z) +y for all z,y € N.

Solution. Let a = f(1). Applying 22+ f(y) | =f(x) +y with z = 1, it follows that for every y € N,
we have 1+ f(y) | a +y, and so

fy)y <y+a—1 forall yeN.

In particular, for all > a, we have zf(z) +1 < z(zr+a—1)+1 < z(z+ ) + 2a = 2(z> +a). On
the other hand, applying 2% + f(y) | #f(z) +y with y = 1, it follows that for every = € N, we have

2> +alzf(x)+1 forall zeN.

Consequently, for every z > a, since zf(x) + 1 < 2(2? + a), it follows that zf(x) + 1 = 22 + a.
We deduce that f(z) = z + %2 for all # > a. Similar to part (b) from the previous problem, this

x
implies that a — 1 =0, and so a = 1. Now, on one hand, for every y € N, we have

fly) <y+a-1=y
and on the other hand, for every x € N, we have
P ralrflx)+1 = af(x)+1>2°+a=2"+1 = f(z) >z
Hence, f(z) =z. R

The next two are substantially harder to solve (although the equations look simpler).

Problem 64.

Find all functions f : N — N such that f(z) + f(y) | # + y for all z,y € N.

Solution. Applying f(z)+ f(y) | z+y with 2 = y, it follows that for every z € N, we have f(x) | z,
and so f(z) < x. In particular, f(1) = 1. Now, assume that f(z) # z for some integer z > 2. Let
t > 2 be minimum such that f(t) # t. Let

f(t) =d.
Since d | t, it follows that there is an integer k£ > 2 such that
t = kd.
Since (k — 1)d < kd = t, by the minimality of ¢, we have
F(k = 1)d) = (k= 1)d.
Applying f(z) + f(y) | x + y with x = (k — 1)d and y = ¢, it follows that
f(k—1Dd)+ ft)|(k—1)d+t = (k—1)d+d|(k—1)d+kd = k|2k—1 = k|1;

a contradiction to k > 2. Hence f(z) =z. B
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Problem 65.

Let f : N — N be an increasing function such that for all x,y € N, there exists z € N that
satisfies f(z)+ f(y) = f(z). Prove that there exist integers a > 0 and b, N > 0 such that for
every integer x > N, we have f(x) = a(z +b).

Solution. For each i € N, let s; = f(i). Then s; < s9 < s3 < ---. Let S = {s1,$2,53,...}. Then,
S is closed under addition; that is, if s, s’ € S, we have s+’ € S. Consider the following statement:

() There exist a,t € N such that S\ {1,...,at} ={ak: k€N, k> t}.

We claim that (%) implies that there exist integers a > 0 and b, N > 0 such that for every integer
x > N, we have f(x) = a(x + b). Assume that (x) holds. Let SN {1,...,at} = {s1,...,sn}
where N > 0 is an integer (and N = 0 if and only if SN {l,...,at} = @). Let b =t — N. Since
S\{1,...,at} = {sn+1,5N+2,...} ={a(t+1),a(t+2),...} with sy+1 < sy42 < ---, it follows that
f(z) =a(x+t—N)=a(x+Db) for every integer x > N. Moreover, since S is closed under addition
and every element of S\ {1,...,at} is divisible by a, it follows that every element of SN{1,..., at}
is also divisible by a, and so N = |SN{1,...,at}| <t. Therefore, b=t — N > 0, as desired.

It remains to prove (x). Let
a =min{s;4; — s; : 1 € N}.

Then a > 0 and there exists s € S such that a+s € S. We need the following auxiliary statement:
(1) For all k € N with k > s, we have ak € S.

Proof of (1). Write k = sq + r for integers ¢,r > 0 with » < s. Then, s> < k = sq+7r < s(q+ 1),
and so ¢ > s, which in turn implies that ag —r > ¢ —r > s —r > 0. But now since s,a+ s € .5, it
follows that

ak = a(sq+71) = (ag—7)(s) + (r)(a+s) €.

This proves (1). O

Now, we prove that (*) holds for the above choice of a, and ¢t = s2. Note that by (1), for every
integer k > t = s2, we have ak € S; therefore, {ak : k € N, k >t} C S\ {1,...,at}. For the reverse
inclusion, suppose for a contradiction that there exists z € S with > at such that a { x. Then
x = aq + v’ for integers ¢ > 0 and 0 < v’ < a. In particular, as® = at < x = a¢’ + ' < a(¢’ + 1),
and so ¢’ > s2. Consequently, by (1), we have ag’ € S. But recall that x € S, and now ' = x — aq’
is the difference between two elements of S, whereas 0 < 7’ < a, contrary to the choice of a. B

We all know Euclid’s theorem: there are infinitely many prime numbers. For composite numbers,
there is even more to be said: There are arbitrarily long intervals of consecutive positive integers
that are all composite numbers. To see this, let ¢ € N, and for each k € {1,...,t}, let

l‘k:(t+1)!+k+1.

Then 1, ...,z are consecutive positive integers, and for each k € {1,...,¢}, we have k+ 1 | 2. In
fact, even more can be said about composite numbers:
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Problem 66.

Prove that in every infinite arithmetic progression of (distinct) positive integers, there are
arbitrarily long intervals of consecutive terms that are all composite numbers.

Solution. Let a,b € N be the first term and the common difference. Let ¢ € N. The goal is to
prove that the progression {a + bk : k > 0} has t consecutive terms that are all composite.

Choose t pairwise distinct primes p1, ..., pt, none of which divides b. (This is possible because there
are infinitely many primes!) It suffices to find z € N such that for every i € {1,...,t}, we have
a+b(x+1) =0 (mod p;). Foreach i € {1,...,t}, since ged(b, p;) = 1, there exists ¢; € N such that
bc; =1 (mod p;). Therefore,

a+blz+i)=0 (modp;)) < z+i=—ac; (modp;) < x=—ac;—1i (mod p;).

But now, since p1,...,p; are pairwise distinct primes, the Chinese remainder theorem guarantees
that there exists x € N such that = —ac; — i (mod p;) for alli € {1,...,t}. B

What about prime numbers in arithmetic progressions? Can we extend Euclid’s theorem? Not
always — For instance, {3k + 6 : k > 0} contains no primes at all. More generally, if we want the
progression {a + bk : k > 0} to contain even one prime, we had better ask for ged(a,b) = 1. Also,
we may assume that a € {1,...,b— 1} (why?). So, the question is:

For a,b € N witha € {1,...,b— 1}, does {a + bk : k > 0} contain infinitely many primes?
For b = 1,2, this is Euclid’s theorem. Here is (a twisted version of) the proof for b = 2 and a = 1:
Step 1. Suppose that there are just t € N primes py,...,p; that are 1 mod 2. Let m = 2p1 - - - p;.

For Step 2, we consider the number m + 1. Since m + 1 > 1, it has a prime divisor q. Note that ¢
is a prime divisor of m + 1 if and only if ¢ | m? — 1 and ¢{m — 1 (why?). Also, observe that q { m,
because otherwise ¢ | m?, which, combined with ¢ | m? — 1, yields ¢ | 1. Thus, we may write:

Step 2. Find a prime q such that ¢ | m*> — 1, and gt m — 1. In particular, gt m.
Then, since ¢q 1 m, it follows in particular that ¢ # 2, and so ¢ is odd. In other words,
Step 3. Deduce, from q{m, that 2| q— 1.

But now ¢ € {p1,...,p¢}, which is a contradiction to g m.

Could the same recipe work for larger values of b and a = 17 Let’s try the case b = 3:

Problem 67.

There are infinitely many primes that are 1 mod 3.

Solution. For Step 1, we suppose for a contradiction that
There are only t € N primes p1,...,p; that are 1 mod 3. Let m = 3pipa2 - - - p:.
For Step 2, we need to prove that

There is a prime q such that g | m* — 1 and ¢4 m" — 1 for all 1 < r < 3. In particular, q { m.
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To see this, let ¢ be a prime divisor of m? +m + 1 > 1. Then
glm*+m+1 = qg|(mM*+m+1)(m—-1)=m®—1.

Also, note that g { m, because otherwise ¢ | m?®, which, combined with ¢ | m3 — 1 implies that
q | 1, which is impossible. It remains to show that ¢ { m? — 1 and ¢ { m — 1. We only need
to prove the former (why?). Suppose that ¢ | m? — 1. Since ¢ | m? + m + 1, it follows that
q | ged(m? +m + 1,m? — 1). On the other hand,

ged(m? +m+1,m? — 1)
=ged(m?+m+1—(m?—1),m*> - 1)
=ged(m +2,m* — 1)
=ged(m +2,m? — 1 —m(m +2))
=ged(m +2,—1 — 2m)
=ged(m+2,—1 —2m +2(m + 2))
=ged(m + 2, 3)

:gcd(m+2— 3(pip2---pt),3)
(2,

3) =

But now ¢ | 1, a contradiction. This completes Step 2.

=gcd

For Step 3, we need to prove that
3|qg—1.

Suppose not. Then ¢ — 1 = 3s + r for some integers s > 0 and r € {1,2}. It follows that
mi~t = (m3)* x m". Recall also from Step 2 that m3 = 1 (mod ¢). Thus, we have m4~! = m"
(mod ¢). Since ¢ { m, by Fermat’s little theorem, we have m?~! = 1 (mod ¢), and so m" =
(mod ¢). But now ¢ | m" — 1 for some r € {1,2}, contrary to what we proved in Step 2. This
completes Step 3.

Now, as proved in Step 3, ¢ is a prime that is 1 mod 3. So, ¢ € {p1,...,p:}. But then ¢ f m, a
contradiction. W

What about larger values of b7 Step 2 becomes rather tricky, so we handle it separately.

Problem 68.

Let b,m > 2 be integers such that b | m. Then there exists M € N with m | M for which
there is a prime ¢ such that ¢ | M® — 1 and ¢ M" — 1 for all 1 < r < b. In particular, g M.

Solution. Recall that for every n € N, the polynomial 2 — 1 has n complex roots (,,¢2,...,¢%,
where ¢, = ¢2™/"; in particular, ¢ =1.
For every n € N, define
du@)= ] @)
1<j<n
ged(j,n)=1
Then ®,,(z) is a polynomial in C[x], called the n'* cyclotomic polynomial.
In fact, ®,(x) always has integer coefficients, but to see that, we first need to prove a well-known
recursion:
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(1) For every n € N, we have 2" — 1 =[], Pa(z).
Proof of (1). Observe that

. k n
ged(k,n)’ ged(k, n)
is a bijection from {1,...,n} to {(j,d): d|n, 1 <j <d, ged(j,d) = 1}. Thus,
1= H <.’B 27rz ) H ( 27T’L ﬁ;izggzzz;)) _ H H (.ZL' 27r7, % ) H(I)d

k=1 dn 1<j<d dln
ged(j,d)=1

This proves (1). O
(2) For every n € N, ®,(z) is monic and ®,(x) € Z|x].

Proof of (2). We proceed by induction on n. Note that ®;(z) = x — 1. Assume that n > 2. Let
®,(z) = apx® + - - + a1z + ag, where k € N is the degree of ®,,(x), and ag, a1, ...,a, € C. By the
inductive hypothesis, for every d | n with d < n, ®4(z) is monic with integer coefficients. So the
product of all these polynomials is also monic with integer coefficients, and we may write

I ®a(x) = 2' + b1a!~" + - + bra + b,
d<n

where [ € N is the degree, and by, ...,b_1 € Z. Now, by (1), we have

"1 :HCDd(x) ) X H(I)d akx + - —i—alx—l—ao)(xl—i—bl,lxl_l + -+ bz + by).
din din
d<n

It follows that k + 1 = n and ay, = 1; so, ®,(z) is monic. Now, suppose that ®,(z) ¢ Z[z], and let
i€{0,1,...,k—1} be maximum with a; ¢ Z. On the LHS, the coefficient of 2% is zero because
0 <l <i+1<n. Onthe RHS, the coefficient of z™*! is a; + (a;11b;_1 + air2bi_2 + ---). Thus,
a; + (aj+1b1—1 + ajyobj—o + -+ ) = 0. Recall that bg,...,b_1 € Z, and also by the choice of i, we
have a;11,a;+2,... € Z. But now a; € Z, a contradiction. This proves (2). O

We shall also use the following:
(3) We have ®1(0) = —1 and ®,(0) =1 for alln > 2.

Proof of (3). The first assertion is immediate since ®1(x) = z—1. We prove the second assertion by
induction on n > 2. For n = 2, by (1), we have ®5(x) = (22 —1)/®1(z) = 2 + 1, and so $5(0) = 1.
Assume that n > 3. By the inductive hypothesis, we have

I] @40 =

d|n
l<d<n

Therefore, by (1) and since ®;(0) = —1, we have
—1 =] 24(0) = 21(0) x ©,(0) x [ @a(0) = @,(0) =1.
dn din

1<d<n

This proves (3). O
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Back to the problem, recall that we have integers b,m > 2 with b | m. By (2), ®y(z) is monic,
and so limg o ®p(2) = 00. Therefore, there is a large enough multiple M € N of m such that
(M) > 1. Moreover, by (2), ®y(x) € Z[z], and so ®p(M) € N. It follows that there is a prime ¢
such that g | ®p(M).

By (1), ®,(M) | M® — 1, and so ¢ | M® — 1. Also, note that ®,(M) = ®,(0) (mod M), and so
by (3), we have ®,(M) = 1 (mod M); that is, M | (M) — 1. If ¢ | M, then combined with
M | ®p(M) — 1, this yields ¢ | ®,(M) — 1, contrary to the fact that ¢ | ®p(M). We deduce that

qtM.

In particular, since b | m and m | M, it follows that ¢ { b. It remains to show that ¢t M" — 1 for all
1 <r < b. Suppose for a contradiction that g | M" — 1 for some r € {1,...,b—1}. Let

G(z) = [ ®al).
d|b
d<b
dir

Then, by (1), we have

2’ =1 =[] ®alx) = Bo(z) x G(z) x [ Palz) = Tp(x) x G(z) x (2" - 1).

dlb dir
By taking the derivative of both sides and setting x = M, we obtain
bMP™! = &y (M)G(M)(rM™1) + & (M)G' (M)(M" — 1) + &) (M)G(M)(M" —1).

Since ¢ | ®,(M) and q | M"™ — 1, it follows that the RHS is divisible by ¢, and so ¢ | bM°*~1. But
now ¢ | b or ¢ | M, a contradiction. H

Now we handle the case a = 1 for general b:

Problem 69.

For every b € N, there are infinitely many primes that are 1 mod b.

Solution. We may assume that b > 2. For Step 1, we suppose for a contradiction that
There are only ¢ € N primes p1,...,p; that are 1 mod b. Let m = bpips - - - py.

For Step 2, we use the previous problem. Since b,m > 2 and b | m, it follows that for some M € N
with m | M, we have

There is a prime g such that, ¢ | M* —1 and ¢ M" — 1 for all 1 < r < b. In particular, ¢ { M.

For Step 3, we need to prove that b | ¢ — 1. Suppose not. Then ¢ — 1 = bs + r for some integer
s>0andr € {1,...,b—1}. Tt follows that M9~ = (M®)* x M". Recall also from Step 2 that
M? =1 (mod ¢). Thus, we have M9~' = M" (mod q). Since ¢ { M (from Step 2), by Fermat’s
little theorem, we have M9~! = 1 (mod q), and therefore M" = 1 (mod ¢). But now ¢ | M" — 1
for some 1 < r < b, contrary to Step 2.

Now, as proved in the third step, ¢ is a prime that is 1 mod b. So, ¢ € {p1,...,p:}. But then ¢ | m,
and hence ¢ | M, a contradiction. l
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Indeed, it is true in general that

For all a,b € N with a < b and ged(a,b) = 1, there are infinitely many primes that are a mod b.

This is Dirichlet’s Theorem. We saw a proof for the case a = 1. The general case does not have
an “easy” proof. (But it does have an “elementary” proof — meaning that it is comprehensible to
anyone with fair knowledge of calculus.) Even the case a = b — 1 does not have an easy proof that
works for all b, but some special values are easy, such as b = 3:

Problem 70.

There are infinitely many primes that are 2 mod 3.

Solution. Suppose for a contradiction that for some ¢t € N, there are only ¢ primes p1,...,p; that
are 2 mod 3. Let

m = 3pip2 - - - Pt

Then m — 1 > 1 has a prime divisor of q. Note that ¢ f m, since otherwise it follows from ¢ | m — 1
that ¢ | 1, which is impossible. In particular, ¢ # 3 and ¢ ¢ {p1,...,p¢}. Thus, ¢ =1 (mod 3). We
deduce that all prime divisors of m —1 are 1 mod 3. But then m —1 is also 1 mod 3, a contradiction
because in fact m —1 =2 (mod 3). W

We mentioned before that there are arbitrarily large intervals of consecutive composite numbers.
In other words, the gap between a prime p and the next one can be arbitrarily large. The first
question we are interested in here is: Is there at least some control over this gap in terms of p? The
answer is yes: the next prime is no larger than p!, and that is easy to prove.

Problem 71.

Prove that for every integer n > 2, there is a prime p such that n < p <nl.

Solution. Note that n! —1 > 1 has a prime divisor p. In particular, p < n! — 1. Also, if p < n,
then p | n!, which along with p | n! — 1 yields p | 1, a contradiction. Therefore, p > n. B

The second question we ask is: How good a control do we have over the gap between a prime p
and the next one? It turns out that the next prime is smaller than 2p. This is Chebyshev’s theorem:

For every integer n > 1, there is a prime p such that n < p < 2n.

The original proof by Chebyshev is rather involved. Later, Erd&és found an outstandingly simple
proof that we will work out here.

First, we need a well-known result due to Legendre. Throughout, for n € N and prime p, we
denote by v,(n) the power of p in the prime factorization of n. (So, if p { n, then vy(n) =0.)

Problem 72.

oo
For all n € N and every prime p, we have v,(n!) = Z {nJ .
i=1
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Solution. Note that

n

vpnl) = 3 wy(m).

m=1
Now, we double count the set X = {(i,m): i € N, m € {1,...,n}, p' | m}. On one hand, for each
m € {1,...,n}, we have |{i e N: (i,m) € X}|=[{i e N: p'| m}| = v,(m), and so

n

1X| =) [{ieN: (i,m) € X} =Y v,(m)=ry(nl).
m=1

m=1

On the other hand, for each ¢ € N, we have

H{me{l,....,n}: (t,m)e X}|=|{me{1,...,n}: pi’m}‘: LZJ?

and thus

1X|=> {me{l,...,n}: (i,m)eX}|:ZLﬂJ. [

i=1 i=1

Erdés’s proof of Chebyshev’s theorem builds on an analysis of the prime factorization of the

central binomial coefficient (27?) Specifically, the key step is to show that for every prime p, the
2n
n

power of p in the prime factorization of ( ) is at most the largest a > 0 for which p® < 2n.

Problem 73.

Let n € N with n > 2, let p be a prime, and let t € NU {0} with p! < 2n < pt*1. Then

#(()) =

Solution. For each i € N, let f; = 2n/p’. Note that if i > ¢, then p’ > 2n, and so 0 < f; < 1,
which in turn yields | f;] = |fi/2] = 0. Since (27?) = 20! it follows from Problem 72 that

nln!

[ee) t

a ((21)) = oo @)0) = 2yt = SUL = 2Lfi/20) = 3L~ 2 L2

n
=1 =1

Also, recall that for every x € R, either |2z] = 2|x] or |2z| = 2|z |+1, and so | f;|—2|fi/2]| € {0,1}

for all i € N. Hence, t
w((2) =S -2ty < m

=1

Another important ingredient of the proof is the following beautiful inequality:

Problem 74.

For n € N with n > 2, we have H p<4nt

p: prime
p<n
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Solution. For each n € N with n > 2, let

P(n) = H .

p:ppgrzne
We prove by induction n that P(n) < 4"~!. The case n = 2 is trivial. Assume that & > 3 and
P(k) < 41 forall k € {1,...,n —1}. If nis even, P(n) = P(n — 1) < 4" 2 < 4""1. So we may
assume that n = 2t + 1 for some ¢ € N. By the inductive hypothesis, we have P(t + 1) < 4*. Also,
for prime p with t + 1 < p < 2t 4+ 1, we have p | (2t + 1)! but p{ (¢ + 1)!, and in particular, p 1 ¢!;
thus, p | (2?1). Let @Q be the product of all primes p with t +1 < p < 2t + 1. It follows that
Q | (Qtfl), and so Q < (2t2“1). Moreover,

2t + 1 1/[2t+1 2 +1 124L rop 41 2t
=3 + <> (7 )= =4,
t 2 t t+1 24\ 2

We deduce that @ < 4'. Hence, P(n) = P(t+1) x Q < 4! x4t =471 R

The last ingredients is a fairly easy lower bound for the central binomial coefficient:

Problem 75.

v

2 2277,—1
For every n € N, we have < n) o
n

Solution. Recall that (2n) is the largest among (261), (21”), ey (2:) Therefore,

n

=S () semen(Z) <) = ()2 55

We can now complete the proof:

Problem 76.

For every integer n > 1, there is a prime p such that n < p < 2n.

Solution. ... Suppose not. Then, for some n > 3, there is no prime p with n < p < 2n (because
2 < 3 < 4, and 2n is surely not a prime anyway). Let’s have a close look at the prime factorization
of (2:) For each prime p, let t, > 0 be the integer such that p'» < 2n < p» 1. We break the set of
all primes into five sets:

e Let S7 be the set of all primes p < v/2n. Then, since p'» < 2n for every prime p, it follows
from Problem 73 that ,
H pvp((,?)) < H plr < (2n)V2n.
PESL pES]

e Let Sy be the set of all primes p with v/2n < p < 2n/3. Then, for every p € Sy, we have
t, < 1. Therefore, by Problems 73 and 74, we have

[Tr D < I < [Ips [T p<al/itcaft=a¥2 <250
PES? PES PES? p: prime
p<[2n/3]
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e Let S3 be the set of all primes p with %” < p < n. For every p € Ss, since p < n, it follows that
p,2p € {1,...,2n}, and since 2n < 3p, it follows that p,2p are in fact the only multiples of p
that belong to {1,...,2n}. In particular, v,((2n)!) = 2 (note that p > 2n/3 > 2 as n > 3).
Also, since p < n, it follows that v,(n!) > 1. Therefore, v, ((2")) = vp((2n)!) — 2vp(n!) <0

for all p € S3, and so "
T (G = 1

pES3
e Let Sy be the set of all primes p with n < p < 2n. We started with the assumption that
Sy = o!

e Let S5 be the set of all primes p > 2n. Then, for every p € S5, we have t, = 0, and so by

Problem 73, we have
H pUP«Q:)) < H ptp =1.
pESs PESs

We deduce that
<2n) = I 2GD) < (2n)T 2
n peESIU---US5

2277.71

Recall also that by Problem 75, we have (27?) >

5, Consequently,

92n/3 < (2n)\/ﬁ+1'
Now, let m = +/2n. Then
22n/3 < (2n)‘/%+1 = 23 < p2mtl) = Q2AmAT)logm 2 < 6(m + 1) log m.

This cannot be true if m is large enough. To see this, consider the function f(z) = 22 —6(zx+1)logx.
Then f(m) < 0 and f(32) = 1024 — (6 x 33 x 5) > 0. Also, f'(z) =2z — 6logz — 6 (1 + 1) loge.
Since loge < 2, it follows that for every x > 12, we have 6 (1 + %) loge < 13, and so

f'(x) >2x —6logz — 13; Vo > 12.

Next, consider the function g(x) = x — 3logz. Then, since log22 < 5, it follows that ¢(22) >
22—-15=7. Also, ¢'(z) =1 — %. Since loge < 2, it follows that

g (x)>0; Vo >6.

Thus, g is increasing on (6,00). Since g(22) > 7, it follows that g(z) > 7 for all > 22. This,
combined with f’(x) > 2z — 6logx — 13 for all z > 12, implies that

f'(z) >2¢g(x) —13 > 0; Vx> 22.

In particular, f is increasing on (22, 00). Therefore, since f(32) > 0, it follows that f(x) > 0 for all
x > 32. We deduce that m < 32, and so n < 512. But this is a contradiction to the assumption
that there is no prime p with n < p < 2n, because

2,3,5,7,13,23,43,83,163,317,631
are all primes, each smaller than twice the preceding one, and so one of them falls between n and

2n (because n < 512). W
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10 Geometry

Let us start with some puzzle-looking problems. Throughout, for a polygon P, we use [P] to denote

the area of P.

Problem 77.

In this figure, all four quadrilaterals are squares, and the

total area shaded in blue is equal to 1. Find the total
area shaded in red.

Solution. The answer is 1. Let X be the foot of the per-
pendicular from K to (the extension of) CD. Let Y be

the foot of the perpendicular from I to (the extension of)
BC. Then AKXC and AIYC are congruent (why?). In
particular, KX = IY. So, [ACDK] = (KX x CD)/2 =

(IY x BC)/2 = [ABCI]. Similarly, we can show that B
[ABCI| = [AABG] = [AADE]. &

Problem 78.

H

S
“><

In this figure, all four quadrilaterals are squares. Find T
the shaded area.

Solution. Note that AC' || BE, and so T
[AAEC] = [AABC]. 1
Likewise, AC' || DF', and so [AAFC] = [AADC]. l

A D

Therefore, [AECF] = [AAEC] + [AAFC] = [AABC| + [AADC] = [ABCD] =121. &

Problem 79.

In this figure, all four quadrilaterals are squares, and the
bottom left square has area 3. Find the shaded area.
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Solution. Since ZABD = ZBDC = 90°, it follows that
AB || CD, and so [AABC| = [AABD]. Moreover, note
that AB = v/6 and BD = v/24. (Why?) Therefore, since
ZABD = 90°, it follows that

ABxBD_\/éx\/24_6 - 3 o
5 =5 =6 4

Problem 80.

In this figure, O; is the center of the blue semicircle, Os
is the center of the red semicircle, and the sum of the
areas of the blue and red semicircles is equal to 1. Find
the area of the third semicircle.

[AABC] = [AABD] =

Solution. Let O be the center of the third semicircle and
let Ri, Ro, R be the radii of the blue semicircle, the red
semicircle, and the third one, respectively. Note that we
have ZAXOs = ZBX0O1 = 45°, and so ZAXB = 90°. It
follows that AB? = AX? + BX? = 2R} + 2R3. Also, in the
circle with center O, the following hold (why?):

AB=CD: AD=2x /ABD: BC =2x /BAC.

Since ZABD + Z/BAC = 180° — LZAXB = 90°, it follows "p
that ZAOB = AB = 90°, and so AB? = AO? + BO? = ,{ 3
2R2. But now, R?> = R? + RZ; hence, the area of the third s

semicircle is equal to the sum of the areas shaded in blue
and red, which is 1. W

The next four problems on angles and triangles are somewhat more challenging:

Problem 81.

(a) Let X be a point on the diagonal AC of a square ABC'D such that AX + BX = CX.
Find the angle Z/ZBXC.

(a) Let X be the point inside a square ABCD such that ZXAB = ZXBA = 15°. Prove
that AXCD is equilateral.

Solution. For (a), choose the point Y on C'X such that CY = AX. Then % B
XY =CX-CY=CX-AX = BX. X

Also, note that AX = CY, AB = CB, and ZXAB = ZYCB = 45°.
Therefore, AXAB and AYCB are congruent, and so BX = BY. It
follows that ABXY is equilateral. Hence ZBXC = 60°. D C
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For (b), let Y be the point inside ABC'D with LY BC = £ZYCB = 15°. A B
Then AXAB and AY BC' are congruent, and so BX = BY. Moreover, o
ZXBY =90°—(2x15°) = 60°. Thus, ABXY is equilateral; in particular, Ny
BY = XY and ZBY X = 60°. Also, ZBYC = 180° — (2 x 15°) = 150°, S
and so ZXYC = 360° — 150° — 60° = 150°. Now, since BY = XY
and Z/ZBYC = ZXYC, it follows that ABYC' and AXYC are congruent; \
hence, XC = BC. Likewise, one may show that DX = DA. R D c

Problem 82.

Let AABC be a triangle with AB = BC and ZABC = 20°. Let D, E be points on AB, BC,
respectively, such that ZDAFE = 20° and ZDCFE = 30°. Find ZDFEA.

Solution. First, note that ZACD = ZADC = 50°, and so
AC = AD. Also, ZAEC = 40°.

Choose the point F' on EC such that ZCAF = 20°. Then
JEAF =40°, and ZAFC = ZACF = 80°, which in turn
yields AC = AF. It follows that AD = AF, which, along
with /DAF = /DAE+ /FEAF = 60°, implies that AADF
is equilateral. In particular, we have AF = FD.

Now, since /EAF = /AEF = 40°, we have AF = FE.
Therefore, F'D = F'E. Moreover, since ZAFC = 80° and
LAFD = 60° (because AADF is equilateral), it follows
that Z/DFFE = 40°. Therefore, /DEF = /EDF = 70°,
and so

/DEA=/DEF — ZAEF =70° —40°=30°. W

Note. This is the so-called adventitious angles puzzle (quite fittingly; it does feel rather random!).

Problem 83.

Let AABC be a triangle. Let X be the point outside AABC such that /ZXBC = /XCB =
30°, let Y be the point outside AABC such that /Y AC = LZYCA = 30°, and let Z be the
point outside AABC such that /ZAB = /ZBA = 30°. Prove that AXY Z is equilateral.

Solution. Let A’ be the point on the same side of BC as X __,f‘/
such that AA’BC is equilateral, let B’ be the point on the B
same side of C'A as Y such that AAB'C is equilateral, and —
let C’ be the point on the same side of AB as Z such that
AABC' is equilateral. Since CA = CB’, A'/C = BC, and
LACA = /B'CB = /ZBCA + 60°, it follows that AA'C A
and ABCB’ are congruent, and so AA’ = BB’. Likewise,
we can show that BB’ = CC’. Thus, AA' = BB’ = C(C'. | .
Now, note that CY/CA = CX/CA" = (sec30°)/2 = 1//3. N
Also, ZXCY = LACA = ZBCA + 60°. Hence, AXCY R

and AA'C A are similar, and so XY/AA' = 1/\/§ Likewise,
we may show that YZ/BB' = ZA/CC' =1/V/3. B et
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Problem 84.

Let AABC be a triangle. Let Aj, Ay be points on BC' (with A; between B and Aj) such
that AA;, AAs trisect the angle ZC AB, let By, Bs be points on C'A (with B; between C' and
By) such that BBj, BBs trisect the angle ZABC, and let C,Cs be points on AB (with C}
between A and C3) such that CCy, CCsy trisect the angle ZBCA. Let X be the intersection
point of AA; and BB, let Y be the intersection point of BBy and CC5, and let Z be the
intersection point of CCt and AAy. Prove that AXY 7 is equilateral.

P

Solution. Let us call AXYZ the Morley triangle of
AABC. We prove that for every three angles a, b, c with
a+ b+ c = 60°, there is a triangle with angles 3a, 3b, 3¢
whose Morley triangle is equilateral. This implies that there

is a triangle similar to our AABC whose Morley triangle is v
equilateral, which in turn implies that the Morley triangle
AXYZ of AABC is equilateral. (Why?) -
Q R

Suppose a, b, ¢ are angles with a + b + ¢ = 60°. Throughout, for an angle x, we write x* = x + 60°
(and so T+ = x + 120°). Start with an equilateral triangle AUVW with side length 1. Let P be
the point on the opposite side of VW from U such that ZPVW = bt and ZPWV = ¢*. (Convince
yourself that there is exactly one such point P.) Likewise, let ) be the point on the opposite side of
UV from W such that ZQUV = ¢ and ZQVU = a™, and let R be the point on the opposite side
of WU from V such that ZRWU = a* and ZRUW = b*. (Again, the choice of @, R is unique.)
We claim that

ZVPQ=aand LVQP =b; ZUQR=0band ZURW =¢; LWRP =cand ZWPR = a.

This shows that AU'V'W' has angles 3a, 3b, 3¢, and so AUV W is the Morley triangle of AU'V'W'.
We only prove that Z/V PQ = a and ZVQP = b; the other four equalities can be proved similarly.

E

Let ADEF be the triangle with the following specifications:
e /DEF =a and ZDFFE =b.

e Let S, T be the two points on EF such that ZDTFE =
ZDSF = ¢t (and so DS = DT). Then we have
DS =DT =1.

(Convince yourself that such a triangle exists and is unique.
In particular, the points S, T always exist.)

It follows that VW = DT =1 and ZPWV = ZETD = c¢". Also, recall that ZPVW = b", and
note that /ZEDT = 180° — /DEF — ZETD = 180° —a— ¢t = b". Therefore, the triangles AEDT
and APVW are congruent, and so DE = V P. Likewise, the triangles AFDS and AQVU are
congruent, and so DF = V Q. Moreover, note that

/EDF =180° — /DEF — /DFE =180° —a—b=c'T;
/PVQ =360°— ZPVW — ZUVW — ZQVU =360° —b" —60° —a™ =180°—b—a =c'.

From DE = VP, DF = V@, and ZEDF = ZPV(Q, we deduce that the triangles ADEF and
AV PQ are congruent, and so ZVPQ = /ZDEF =a and ZVQP = ZDFFE =, as desired. R
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Note. This is Morley’s Theorem. It has several proofs, most of which are rather technical. The

above marvelous proof is due to Conway.

In a triangle AABC, a cevian is a line segment joining a vertex of the triangle to some point in

the interior of the opposite side.

Problem 85.

The cevians XX',YY', ZZ' in a triangle AXY Z are o

concurrent at a point C'. The areas of the triangles p A‘ ,
AXZ'C,AYZ'C,AYX'C,AZX'C,AZY'C,AXY'C Y

are, respectively, equal to 4,6,10,20,15,5. Find the ﬂ‘
area of the triangle AX'Y'Z’. Y L i

Solution. Here is a useful trick (convince yourself why this holds): If AD is a cevian in a triangle

AABC, then

[AABD] BD
[AACD] CD’
Applying the above to our problem, we deduce that
[AX'Y'C]  Y'C [AXY'C] [AXY'C| e I
AXYC] YO [AXv(]  Bxzc+avza T ARV = g0 =
6 < 15 A Hence, [AXY'Z] = 12. W

Likewise, [AY'Z'C] = =3 and [AZ'X'C]

10+ 20 15+5

Here is another application of the “area trick” from Problem 85:

Problem 86.

Let AABC and AA’B’C’ be triangles such that ﬁ—g = ﬁ;—g:, BC = B'C’, and the length of

the bisector of ZBAC is equal to the length of the bisector of Z/B'A’C’. Prove that AABC
and AA’B'C’ are congruent.

Solution. Let AD and A’D’ be the bisectors of ZBAC
and ZB'A'C'. Let a = ZBAC/2 and let o/ = ZB'A'C' /2.

The length of the altitude in AABD from D is ADsina, VX _eE 'd e E
and so [AABD] = (AB - AD - sina)/2. Similarly, we \ PPl \ PPl
have [AACD] = (AC - AD - sina)/2. It follows that A / A :
BD AABD AB . .. B'D _ A'B ! ;
oD e {AACD% = Yok and hkeWIbe, oD — AT We de— ,C ,C,
duce that BD = B'D’ and CD = C'D’.

D D’

Now, if a = 45° or @’ = 45°, then we are done. (Why?) So
we may assume that, for points X, X’ on the extensions of
AB, A’B’ beyond A, A, respectively, the bisectors of ZX AC B B
and ZX'A'C" intersect the extensions of BC, B'C" beyond

C,C" at points E, E', respectively.
An argument similar to the one above shows that BE = B’E’, which, combined with BD = B'D’,

yields DE = D'E’. Also, note that /ZEAD = /E'A’D' = 90°, and recall that AD = A'D'’.
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Therefore, ADAE and AD'A’E’ are congruent, and so ZADC = ZA'D'C’. This, combined with
AD = A'D' and CD = C'D’, implies that ADAC and AD'A'C’ are also congruent, and so
AC = A'C’. Likewise, from ZADC = LA'D'C’, it follows that ZADB = ZA’D'B’. This, combined
with AD = A'D’ and BD = B'D’, implies that ADAB and AD'A’B’ are congruent, and so
AB = A’B’. Hence, AABC and AA’'B’C’ have the same side lengths. B

The “area trick” from Problem 85 can be used to prove Ceva’s Theorem (Ceva was an Italian
mathematician, and the name “cevian” also comes from his name):

Problem 87.

A
Prove that the cevians AA’, BB',CC’ in a triangle B
AABC tif and only if AC, x DA » OB “
are concurrent if and only if &7 x i X g = 1.
B A C

Solution. First, assume that the cevians AA’, BB’, CC’ are concurrent at a point X. Note that if

two fractions 3 and 3 are equal, then they are both equal to 7=7. Therefore,

AC'  [AACCT]  [AXACY  [AACC —[AXAC [ACXA]

C'B ~ [ACBC'] — [AXBC'] _ [ACBC'|— [AXBC'] _ [ABXC|

.. BA' _ [AAXB] CB' _ [ABXC(] AC! BA’ CB' __
Similarly, AC = [ACXA and BA = [AAXE]" Therefore, o5 X @c X 54— 1.

Conversely, assume that é% X ﬁ,‘g X ga = 1. Let X be the intersection point of AA" and BB/,

and let C” be the intersection point of AB and the extension of CX beyond X. Then, the cevians

/ / " .~ AC” BA’ CcB' _ AC” _ AC’ 1 _
AA', BB',CC" are concurrent, and so &g X 7ig X g = 1. Therefore, 77 = &5, and C' = C”,

meaning that C'C’ passes through X in the first place. B

Ceva’s theorem has a “dual” that deals with collinearity, known as Menelaus’s Theorem.

Problem 88.

Let AABC be a triangle and let A’, B’,C’ be points on

the lines containing BC, C A, AB. Prove that A’, B’,C’ X

AC’ BA’ CB’

. . . o A
are collinear if and only if 75 X Zig X g = 1.

Solution. Assume that A’, B’,C" are collinear. Assume that A’ lies on the extension of BC beyond
C, B’ lies on C A, and C" lies on AB. (The other cases are similar.) Choose X € A’B’ such that AB
and CX are parallel. Then AAC'B’ and ACX B’ are similar, and so é—g = gﬁ. Also, AA’BC’

. . !
and AA’CX are similar, and so g')l(% = BE' Therefore,

1.

AC'" BA CB _ (AC' CX\ BA CB _(BA AC\ BA CB _
C'B”~AC T BA \CX CB)"AC” BA \CB BA)  AC " BA

The converse can be proved by an argument similar to the second direction of Ceva’s theorem. B

There are several instances of concurrency that occur in a triangle AABC, including:

49



e The perpendicular bisectors of the sides are concurrent at the circumcenter, often denoted
by O. This is the center of the circumcircle of AABC — the unique circle passing through
A, B,C.

e The medians are concurrent at the centroid (also called the center of mass), often denoted by

G.
e The altitudes are concurrent at the orthocenter, often denoted by H.

e The internal bisectors of the angles are concurrent at the incenter, often denoted by I. This
is the center of the incircle of AABC, the unique circle that is tangent to the three sides.

The first is fairly easy to see; the other three can be proved using Ceva’s theorem (with some extra
work following techniques we saw in previous problems — you should try these as exercises).

There are also several instances of collinearity. Here is a particularly nice one.

Problem 89.

Prove that in a triangle AABC), the circumcenter O, the centroid G, and the orthocenter H
are collinear (in this order).

Solution. Let M be the midpoint of BC. First, we
show that AH = 20M. Let Q be the circumcircle of
AABC. Extend CO beyond O to hit Q at D. Then
£ZDAC = ZDBC = 90° (because CD is the diameter of
). Since DA 1 CA and BH 1 CA, it follows that
DA || BH, and since DB 1 BC and AH 1 BC, it fol-
lows that DB || AH. Therefore, ADBH is a parallelo-
gram, and so AH = DB. Moreover, since DB 1 BC and
OM 1 BC, it follows that DB || OM, which, combined
with BM = CM, implies that DB = 20M. We deduce
that AH = 20M.

Next, we show that AG = 2GM. There are several ways to do this — here is one using Menelaus’s
theorem. Let P be the midpoint of AB. Then P, G, C are collinear, and so by Menelaus’s theorem
applied to AABM and points P,C, G, we have:
AP BC MG MG
ﬁxM—Cxﬂ—1:>1><2xa—1:>AG—2GM.
Now, since AH L BC and OM 1 BC, it follows that AH || OM, and so ZGMO = ZGAH. This,
combined with AH = 20M and AG = 2GM, implies that AAHG and AMOG are similar. In
particular, ZAGH = ZMGO. Hence, O,G, H are collinear because A, G, M are. B

Note. The line passing through O, G, H is called the Fuler line of AABC, and has several inter-
esting properties. Note, for instance, that we also proved that GH = 20G.

There are also some nice instances of “concyclicity” — a fancy word for points lying on the same
circle. Here is a famous one, which is somewhat wild — you get nine points on the same circle!
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Problem 90.

Let AABC be a triangle, let D, E, I’ be the feet of the altitudes from A, B,C, and let H
be the orthocenter of AABC. Prove that D, E, F, the midpoints of AB, BC,C A, and the
midpoints of AH, BH,CH, are all concyclic.

Solution. First, we prove that the midpoint M of BC
is concyclic with D, E, F' (and the same can be proved for
the midpoints of AB and AC with a similar argument).
Since ZAFH = ZAEH = 90°, it follows that A, F, H, F
are concyclic, and so /FFH = /EAH = 90° — Z/BCA.
Likewise, we have /DFH = /DBH = 90°— /ZBCA. Thus,
/EFD =/EFH+ /DFH = 180° — 2/BCA. Moreover,
since ZBEC = 90° and BM = CM, it follows that M is the
circumcenter of ABCE, and so ME = MC, which in turn
implies that /AMEC = /ZMCE = ZBCA. Consequently,
LEMD =/MEC+ /Z/MCE =2/BCA. Now,

LEFD+ /Z/EMD = 180° —2/BCA+2/BCA = 180°.

Therefore, D, E, F, M are concyclic.

Next, we prove that the midpoint K of AH is concyclic with
D, E,F (and the same can be proved for the midpoints of
BH and CH with a similar argument). Recall that since
/AFH = ZAEH = 90°, the four points A, F, H, E are
concyclic; in fact, AH is the diameter of the circle passing
through A, F, H, E, and so K is the center of that circle.
It follows that ZEKF = 2/FEAF = 2/BAC. Recall also
that, as shown above, ZEFD = 180° — 2/BCA. A similar
argument proves that /EDF = 180° — 2/ABC. Now,

LEKF + Z/FEFD =2/BAC + 180° — 2/BAC = 180°.

Therefore, D, E, F, K are concyclic. B

Note. This circle is called the nine-point circle of AABC, and has several fascinating properties.
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